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1 Introduction
Probability theory has been developed by measure theory. We want to see to what extend does this theory can
be generalised to theory of categories. This could bring a more conceptual understanding of probabilities, and
we could generalise some results from statistical theory. This is interesting because this could bring uniform
results applying to different model of probabilities, also those results could apply in other contexts and lastly we
could find new results thanks to categorical theory. The idea of categorical probability is to understand random
spaces as objects of a category, and probability densities as morphisms in this category. From here, a great
interest has been in how monads can construct Markov categories, for example the Giry monad constructed by
Michèle Giry in A categorical approach to probability theory [3], and on how to theorize information theory,
for example the work of Peter Golubtsov in Method of Additional Structures on the Objects of a Monoidal
Kleisli Category as a Background for Information Transformers Theory [4]. In this project, we will essentially
follow the work of Tobias Fritz in A synthetic approach to Markov kernels, conditional independence and
theorems on sufficient statistics [2]. In Section 2, we state the context, define the notion of Markov categories
as a generalisation of probability spaces and densities, and give some examples coming from the classical
statistical theory. Then in Section 3, we attempt to explain and develop some of the properties we can add on
an arbitrary Markov category, and what it implies. Lastly, in Section 4, we explain some generalisations of
characteristics and theorems from statistical theory.

2 Markov Categories
In this section, we will construct categories in which morphisms can be interpreted as conditional probability
densities. We will see some examples of these, and a way to construct new ones from old.

2.1 Definitions
First it is important to define some important objects, that we will use in order to construct the categories we
are interested in. Those categories will need to be symmetric monoidal, defined as follows.

Definition 2.1. [1, 6.1.1.] A monoidal categoryM consists of:

1. a categoryM;

2. a bifunctor
⊗ :M×M→M,

called the tensor product, where x ⊗ y denotes the image under ⊗ of the pair (x, y);

3. an object I ∈ M called the unit object;

4. for every triple x, y, z of objects, a natural isomorphism

ax,y,z : (x ⊗ y) ⊗ z→ x ⊗ (y ⊗ z),

called the associator;

5. for every object x, a natural isomorphism

λx : I ⊗ x→ x,

called the left unitor;

6. for every object x, a natural isomorphism

ρx : x ⊗ I → x,

called the right unitor.
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We then require that the associator obey to the pentagon identity, which says that for all objects w, x, y, z in
M, this diagram commutes:

(w ⊗ x) ⊗ (y ⊗ z)

((w ⊗ x) ⊗ y) ⊗ z w ⊗ (x ⊗ (y ⊗ z)).

(w ⊗ (x ⊗ y)) ⊗ z w ⊗ ((x ⊗ y) ⊗ z)

aw,x,y⊗z

�

aw⊗x,y,z

�

aw,x,y⊗1z

�

aw,x⊗y,z

�
1w⊗ax,y,z

�

We demand that the unitors obey to the triangle identity, which says that for all objects x, y inM, this diagram
commutes:

(x ⊗ I) ⊗ y x ⊗ (I ⊗ y).

x ⊗ y

ax,I,y

�

ρx⊗1y

�

1x⊗λy

�

Definition 2.2. With the notation of 2.1, a monoidal category is symmetric when, moreover, for every x, y in
M there is a natural isomorphism

Bx,y : x ⊗ y→ y ⊗ x,

called the braiding. We require that:

• the braiding and associator obey to the first hexagon identity, which says that for every triple x, y, z of
objects, this diagram commutes:

(x ⊗ y) ⊗ z x ⊗ (y ⊗ z) (y ⊗ z) ⊗ x

(y ⊗ x) ⊗ z y ⊗ (x ⊗ z) y ⊗ (z ⊗ x).

ax,y,z

�

Bx,y⊗1z �

Bx,y⊗z

�

ay,z,x�

ay,x,z

�

1y⊗Bx,z

�

• the unit coherence, which says that for every object x, this diagram commutes:

x ⊗ 1 1 ⊗ x

x,

Bx,1

�

ρx

�
λx�

• the symmetry axiom, which says that for every pair of objects x, y, this diagram commutes:

x ⊗ y y ⊗ x

x ⊗ y,

Bx,y

By,x

Remark. The symmetry axiom in 2.2 and the first hexagon identity together imply the second hexagon identity,
i.e. for every triple of objects x, y, z, this diagram commutes:

x ⊗ (y ⊗ z) (x ⊗ y) ⊗ z z ⊗ (x ⊗ y)

x ⊗ (z ⊗ y) (x ⊗ z) ⊗ y (z ⊗ x) ⊗ y,

a−1
x,y,z

1x⊗By,z

Bx⊗y,z

a−1
z,x,y

a−1
x,z,y Bx,z⊗1y

The following coherence theorem will simplify some calculations in symmetric monoidal categories for
the next section.

Theorem 2.3. [5, 7.2.1.] Let C be a symmetric monoidal category. Every diagram in Cmade up of associators,
unitors and braidings, and in which both sides have the same underlying permutation, commutes.
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We are now interested in how to define functors between monoidal categories that preserve the structure.
These functors are called lax monoidal functors.

Definition 2.4. Let C and D be monoidal categories with monoidal structures ⊗C and ⊗D, respectively. A
functor F : C → D, together with a natural transformation ∇X,Y : F(X)⊗D F(Y)→ F(X⊗C Y) and a morphism
η : ID → F(IC), called the unit, is a lax monoidal functor if it respects the monoidal structure, i.e., if the
following diagrams commute for all objects X,Y,Z in C:

(F(X) ⊗D F(Y)) ⊗D F(Z) F(X) ⊗D (F(Y) ⊗D F(Z))

F(X ⊗C Y) ⊗D F(Z) F(X) ⊗D F(Y ⊗C Z)

F((X ⊗C Y) ⊗C Z) F(X ⊗C (Y ⊗C Z)),

αD

∇X,Y⊗D1F(Z) 1F(X)⊗D∇Y,Z

∇X⊗CY,Z ∇X,Y⊗CZ

F(αC)

(1)

ID ⊗D F(X) F(IC) ⊗D F(X)

F(X) F(IC ⊗C X),

η⊗D1F(X)

λD ∇IC ,X

F(λC)

(2)

F(X) ⊗D ID F(X) ⊗D F(ID)

F(X) F(X ⊗C IC),

1F(X)⊗Dη

ρD ∇X,IC

F(ρC)

(3)

where we omitted the indices in α, λ and ρ for simplicity.

If, in addition, a functor preserves the symmetric structure, then it is called a lax symmetric monoidal
functor.

Definition 2.5. Let C and D be symmetric monoidal categories. A lax monoidal functor F : C → D is
symmetric if, for all objects X,Y in C, the diagram

F(X) ⊗D F(Y) F(Y) ⊗D F(X)

F(X ⊗C Y) F(Y ⊗C X),

BD

∇X,Y ∇Y,X

F(BC)

(4)

commutes.

If the structure of the functor is made of isomorphisms, then it is called a strong symmetric monoidal
functor.

Definition 2.6. Let C and D be monoidal categories. A lax (symmetric) monoidal functor F : C → D is
strong (strict) if its coherence maps ∇X,Y : F(X) ⊗D F(Y)→ F(X ⊗C Y) and η : ID → F(IC) are isomorphisms
(identities).

Some objects, called monads on a category will be useful to construct new categories from old, having the
probabilistic properties we want.

Definition 2.7. [1, 4.1.1.] A monad on a category C is a triple (T, η, µ) where T : C → C is a functor and
η : 1C =⇒ T, µ : TT =⇒ T are natural transformations satisfying the commutativity conditions

µ ◦ (η ∗ 1T ) = 1T = µ ◦ (1T ∗ η), µ ◦ (µ ∗ 1T ) = µ ◦ (1T ∗ µ),

i.e., the diagrams

T TT T,

T

η∗1T

µ

1T ∗η

(5)
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TTT TT

TT T,

µ∗1T

1T ∗µ µ

µ

(6)

commute.

Definition 2.8. Let D be a symmetric monoidal category. Further, let T : D → D be a monad with mul-
tiplication µ : TT → T and unit η : I → T . It is a symmetric monoidal monad if it comes equipped with
morphisms

∇X,Y : T X ⊗ TY → T (X ⊗ Y),

natural in X and Y , which makes T into a lax symmetric monoidal functor with unit ηI : ID → T ID, and such
that µ and η are monoidal transformations. Concretely, the latter means that the diagrams

TT X ⊗ TTY T (T X ⊗ TY) TT (X ⊗ Y)

T X ⊗ TY T (X ⊗ Y),

∇T X,TY

µX⊗µY

T∇X,Y

µX⊗Y

∇X,Y

(7)

X ⊗ Y

T X ⊗ TY T (X ⊗ Y),

ηX⊗ηY ηX⊗Y

∇X,Y

(8)

must commute for all X,Y ∈ D.

Definition 2.9. LetD be a symmetric monoidal category with unit I being terminal. A monad T onD is affine
if T I � I. By this we mean that the unique morphism T I → I has inverse ηI : I → T I.

We can use the monads to construct new categories from old. We will now define the constructions of the
Eilenberg-Moore and Kleisli categories.

Definition 2.10. [1, 4.1.2] Let T = (T, η, µ) be a monad on a category C. By an algebra on this monad is
meant a pair (C, ξ) where C ∈ C, ξ : T (C)→ C and ξ ◦ ηC = 1C , ξ ◦ T (ξ) = ξ ◦ µC , i.e., the diagrams

C T (C)

C

ηC

ξ ,

TT (C) T (C)

T (C) C,

µC

T (ξ) ξ

ξ

commute. If (D, ξ) is another T-algebra, a morphism f : (C, ξ)→ (D, ζ) of T-algebras is a morphism f : C →
D of C such that f ◦ ξ = ζ ◦ T ( f ), i.e., the diagram

T (C) T (D)

C D,

T ( f )

ξ ζ

f

commutes.

As said above, we can construct new categories from old thanks to the monads.

Proposition 2.11. [1, 4.1.3] Let T = (T, η, µ) be a monad on a category C. The T-algebras and their mor-
phisms constitute a category, written CT and called the Eilenberg-Moore algebra of the monad and

• for all morphisms of T-algebras f : (C, ξ)→ (D, ζ), g : (D, ζ)→ (E, χ) the composition g ◦ f : (C, ξ)→
(D, ζ)→ (E, χ) is defined by g ◦ f in C, so that the diagram

T (C) T (D) T (E)

C D E,

T ( f )

ξ

T (g◦ f )

ζ

T (g)

χ

f g

commutes;
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• for all T-algebras (C, ξ), the identity of T-algebras 1C : (C, ξ)→ (C, ξ) is the identity on C 1C : C → C,
so that the diagram

T (C) T (C)

C C,

T (1C )

ξ ξ

commutes.

Proposition 2.12. [1, 4.1.4]. Let T = (T, η, µ) be a monad on a category C. Consider the forgetful functor

U : CT C, (C, ξ) 7→ C, f 7→ f .

1. U is faithful;

2. U reflects isomorphisms i.e. if f : (C, ξ) → (D, ζ) is a morphism in CT and U( f ) is an isomorphism in
C, then f is an isomorphism;

3. U has a left adjoint.

The left adjoint F of U maps C ∈ C to (T (C), µC) and f : C → C′ to T ( f ) : (T (C), µC) → (T (C′), µC′ ). The
unit of the adjunction is just η : 1C ⇒ UF = T and the counit ϵ : FU → 1CT is given by ϵ(C,ξ) = ξ.

Definition 2.13. [1, 4.1.5]. Let T = (T, η, µ) be a monad on a category C. Consider the forgetful functor
U = CT → C and its left adjoint F : C → CT mapping C to (T (C), ηC). A T-algebra is free when it is
isomorphic to one of the form F(C) = (T (C), µC), for some object C ∈ C.

Proposition 2.14. [1, 4.1.6]. Let T = (T, η, µ) be a monad on a category C. The full subcategory of CT

generated by the free T-algebras is equivalent to the following category Kl(T).

• The objects of Kl(T) are those of C;

• A morphism f : C → D in Kl(T) is a morphism f : C → T (D) in C;

• The composite of two morphisms f : A→ B, g : B→ C in Kl(T) is given in C by the composite

A T (B) TT (C) T (C);
f T (g) µC

• The identity on an object C of Kl(T) is just ηC : C → T (C) in C.

The category Kl(T) is called the Kleisli category of the monad T. The standard inclusion functor F : C → CT
acts as the identity on objects, and for all morphism f : C → D in C, we define F( f ) : C → D in Kl(T) by its
representation F( f ) : C → T (D) in C given by the composition,

C D T (D).
f ηD

Let us stop here for a moment, and give an example of monad to illustrate.

Example 2.15. Let FinSet be the category of sets and fonctions between them. Now let T : FinSet→ FinSet
be the functor defined as follows.

For all objects X in FinSet,
T X := P(X)\{0},

where P(X) is the power set of X.
For all morphisms f : X → Y in FinSet, for all nonempty subsetsU of X,

T f (U) :=
⋃
x∈U

f (x) ⊆ Y.

It is not empty sinceU is not, so it is in TY .
We show that T : FinSet→ FinSet is a functor. For all objects X in C, for allU in X,

T (1X)(U) = U = 1T X(U),
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and for all morphisms f : X → Y , g : Y → Z, for allU in X,

T (g ◦ f )(U) =
⋃
x∈U

(g ◦ f )(x) =
⋃

y∈ f (U)

g(y) =
⋃

y∈T f (U)

g(y) = T f ◦ Tg(U),

and T is a functor.
For T to be a monad, we need to define the natural transformations η : 1S et ⇒ T and µ : TT ⇒ T . The

transformation η is defined as follows. For all objects X in FinSet, and for all x ∈ X,

ηX(x) = {x}.

This defines a natural transformation since for all morphisms f : X → Y in FinSet, for all x in X,

T f ◦ ηX(x) = T f ({x}) = { f (x)} = ηY ( f (x)) = ηY ◦ f (x),

and the following diagram commutes
X T X

Y TY.

ηX

f T ( f )

ηY

The transformation µ is defined as follows. For all objects X in FinSet, and for all nonempty subsets S of
P(X)\{∅}, i.e., S ∈ P(P(X)\{∅})\{∅} = TT X, µX(S ) is the smallest object of T X = P(X)\{∅} containing all the
sets in S , i.e.,

µX(S ) :=
⋃
U∈S

U.

This defines a natural transformation since for all morphisms f : X → Y in FinSet, for all S in TT X,

T f ◦ µX(S ) = T f

⋃
U∈S

U

 = ⋃
U∈S

⋃
x∈U

f (x) =
⋃
U∈S

T f (U) = µT X

⋃
U∈S

T f (U)

 = µT X ◦ TT f (S ),

and the following diagram commutes
TT X T X

TTY TY.

ηX

TT ( f ) T ( f )

µY

Then T satisfies the commutativity conditions:

• For all X in FinSet, and for all nonempty subset {x1, x2, ..., xn} ⊂ X,

µX ◦ ηT X({x1, x2, ..., xn}) = µX({{x1, x2, ..., xn}}) = {x1, x2, ..., xn}

=
⋃

1≤i≤n

{xi} = µX

 ⋃
1≤i≤n

{xi}

 µX ◦ T (ηX)({x1, x2, ..., xn}).

• For all finite sets X, and for all elements V in TTT X = P(P(P\{∅})\{∅})\{∅}, on the one hand,

µX ◦ µT X(V) = µX

⋃
S∈V

S

 =⋃
S∈V

⋃
U∈S

U,

and on the other hand,

µX ◦ TµX(V) = µX

⋃
S∈V

µX(S )

 = µX

⋃
S∈V

⋃
U∈S

U

 =⋃
S∈V

⋃
U∈S

U.

We then have
µ ◦ (µ ∗ 1T ) = µ ◦ (1T ∗ µ),

and T is a monad. Kl(T ) is the category of finite sets, with morphisms beeing multivariate morphisms, i.e.,
f : X → Y in Kl(T ) is a function f : X → P(Y)\{∅}. We call this category MultiVar.
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Some objects in monoidal categories have interesting properties, they are called monoids and comonoids.

Definition 2.16. Monoids and comonoids. Let C be a symmetric monoidal category. A monoid in C is an
object X, together with two morphisms:

• a multiplication
m : X ⊗ X → X,

• and a unit
u : I → X,

satisfying associativity,

X ⊗ X ⊗ X X ⊗ X

⟲

X ⊗ X X,

1X⊗m

m⊗1X m

m

and unitality,

I ⊗ X X ⊗ X X ⊗ I.

⟲ ⟲

X

u⊗1X

λX

m

1X⊗u

ρX

A monoid X is commutative if in addition, it satisfies

X ⊗ X X ⊗ X.

⟲

X

BX,X

m m

Dually, a comonoid in C is an object X, together with two morphisms:

• a comultiplication
cm : X → X ⊗ X,

• and a counit
cu : X → I,

satisfying coassociativity
X X ⊗ X

⟲

X ⊗ X X ⊗ X ⊗ X,

cm

cm 1X⊗cm

cm⊗1X

(9)

and counitality

I ⊗ X X ⊗ X X ⊗ I.

⟲ ⟲

X

cu⊗1X 1X⊗cu

cm

λ−1
X ρ−1

X

(10)
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A comonoid X is cocommutative if in addition, it satisfies

X ⊗ X X ⊗ X.

⟲

X

BX,X

cm cm

Notation. We will represent morphisms in string diagrams. These diagrams are to be read from the bottom to
the top, i.e., for a morphism f : X → Y , we will write

f

X

Y

.

If it is clear from the context, we will sometimes omit writing the domain and codomain X and Y .
Now we are ready to define the categories that we want to study: The Markov categories.

Definition 2.17. [2, 2.1.] A Markov category C is a symmetric monoidal category in which every object X ∈ C
is equipped with a commutative comonoid structure given by a comultiplication

copyX : X → X ⊗ X,

and a counit
delX : X → I,

depicted in string diagrams as

copyX = • , delX = ,

and satisfying the commutative comonoid equations, i.e., the coassociativity (9) depicted in string diagrams as

•

•

•

•= , (11)

the counitality (10), depicted in string diagrams as

•

• = =

•

•
, (12)

and the cocommutativity
X X ⊗ X,

⟲

X ⊗ X

copyX

copyX

BX,X

8



depicted in string diagrams as

• = • , where = BX,Y =: swapX,Y ,

(13)

as well as compatibility with the monoidal structure,

X ⊗ Y

•

=

X

•

Y

•

and

X ⊗ Y

•

X ⊗ Y X ⊗ Y

=

X Y

• •

X XY Y

, (14)

i.e.,

X ⊗ Y I ⊗ Y I ⊗ I

⟲

X ⊗ Y I,

delX⊗1X 1I⊗delY

λI

delX⊗Y

and

X ⊗ Y (X ⊗ Y) ⊗ (X ⊗ Y) ((X ⊗ Y) ⊗ X) ⊗ Y

(X ⊗ X) ⊗ Y ⟲ (X ⊗ (Y ⊗ X)) ⊗ Y

(X ⊗ X) ⊗ (Y ⊗ Y) ((X ⊗ X) ⊗ Y) ⊗ Y (X ⊗ (X ⊗ Y)) ⊗ Y,

copyX⊗Y

copyX⊗1Y

a−1
X⊗Y,X,Y

�

aX,Y,X⊗1Y�

1X⊗X⊗copyY (1X⊗BX,Y )⊗1Y

a−1
X⊗X,Y,Y

�

aX,X,Y⊗1Y

�

(15)

we will name the diagonal composite (X ⊗ Y) ⊗ (X ⊗ Y) (X ⊗ X) ⊗ (Y ⊗ Y) by grX,Y .
C must at last satisfy naturality of deletion, which means that for every morphism f,

X Y,

I

f

delX
delY

commutes, which can be depicted in string diagrams as

f = .

(16)

Definition 2.18. Let C be a Markov category. For all couples of objects X, Y in Cwe define the two morphisms,

pX := ρX ◦ 1X ⊗ delX : X ⊗ Y X,

pY := λY ◦ delY ⊗ 1Y : X ⊗ Y Y,

9



called projections on X and on Y , respectively. And for all morphisms f : A → X ⊗ Y in C, we define the two
morphisms,

fX := pX ◦ f : A X ⊗ Y X,

fY := pY ◦ f : A X ⊗ Y Y,

f pX

f pY

called marginalisations on X and on Y , respectively.

Proposition 2.19. Let C be a Markov category. There exists two natural transformations P1 : (−)1 ⊗ (−)2 ⇒

(−)1 and P2 : (−)1 ⊗ (−)2 → (−)2 defined as follows. For all couples of objects X,Y in C,

(P1)X,Y := pX : X ⊗ Y X,

(P2)X,Y := pY : X ⊗ Y Y.

Proof. We show that P1 and P2 are natural transformations. For all couples of morphisms f : X → A,
g : Y → B, by naturality of deletion (16),

X Y

f ⊗ g

A
•

=

X Y

f g

A
•

=

X Y

f

A
•

,

X Y

f ⊗ g

•
B

=

X Y

f g

•
B

=

X Y

g

•
B

,

and the following diagrams commute,

X ⊗ Y A ⊗ B

X A,

f⊗g

pX pA

f

X ⊗ Y A ⊗ B

Y B.

f⊗g

pY pB

g

This establishes naturality of P1 and P2. □

We can construct new Markov categories from Markov categories we already have. One way to do so arises
when we can construct a functor F : C → D from a Markov category to an arbitrary category, preserving some
properties of the monoidal category. We can then construct the structure morphims forD to become a Markov
category, taking the image inD of the structure morphisms in C, as follows.

Lemma 2.20. Let C be a symmetric monoidal category, D a category with the same class of objects, and
F : C → D a functor such that

• F is the identity on objects;

• we can extend ⊗C to a tensor product ⊗D onD, i.e., there exists a bifunctor − ⊗D − : D×D → D such
that for all X, Y inD,

X ⊗ Y := X ⊗D Y := X ⊗C Y,

and
F( f ) ⊗D F(g) = F( f ⊗C g), (17)

for all f : X → A, g : Y → B in C;

• F preserves naturality of the associator, the unitors and the braiding of C, i.e.,
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– F(a) : − ⊗ (− ⊗ −)⇒ (− ⊗ −) ⊗ − defined defined pointwise by,

F(a)X,Y,Z := F(aX,Y,Z),

for all triples of objects X,Y,Z inD,
– F(λ) : ID ⊗ − ⇒ 1D defined defined pointwise by,

F(λ)X := F(λX),

for all objects X inD,
– F(ρ) : − ⊗ ID ⇒ 1D defined defined pointwise by,

F(ρ)X := F(ρX),

for all objects X inD,
– F(B) defined defined pointwise by,

F(B)X,Y := F(BX,Y ),

for all couples of objects X,Y inD,

are natural isomorphisms with respects to all morphisms inD.

Then if we endow D with the associator, the units and the braiding on D defined by respectively F(a), F(λ),
F(ρ) and F(B) defined above, D becomes a symmetric monoidal category with unit object I := ID := IC, with
respect to which F : C → D is a strict symmetric monoidal functor.

If in addition, C is a Markov category and F preserves naturality of deletion, i.e., F(del) defined pointwise
by the following,

F(del)X := F(delX),

for all objects X in D is natural with respects to all morphisms in D. Then we can construct a structure of
Markov category onD with comultiplication F(copy) defined pointwise as follows.

F(copy)X := F(copyX)

for all objects X inD, and deletion F(del) defined above.

Proof. • We showD is a monoidal category.

1. The bifunctor ⊗D : D × D → D, the unit object, and the structural natural isomorphisms - the
associator and the left and right unitors - are defined by assumption.

2. The pentagon identity is satisfied since it is satisfied in C, and for all objects W, X,Y,Z inD,

F(aW,X,Y ) ⊗D 1Z = F(aW,X,Y ) ⊗D F(1Z) = F(aW,X,Y ⊗C 1Z),
1W ⊗D F(aX,Y,Z) = F(1W ) ⊗D F(aX,Y,Z) = F(1W ⊗C aX,Y,Z),

by assumption (17), and the identity follows by functoriality of F.
3. The triangle identity holds as well since it is satisfied in C, and for every couple of objects X,Y in
D,

F(ρX) ⊗D 1Y = F(ρX) ⊗D F(1Y ) = F(ρX ⊗C 1Y ),
1X ⊗D F(λY ) = F(1X) ⊗D F(λY ) = F(1X ⊗C λY ),

by assumption (17), and the identity follows by functoriality of F.

• We show that D is symmetric. The braiding on D is defined for all objects X, Y in D and is natural by
assumption. Hexagon identity, unit coherence and symmetry axiom hold by definition of the monoidal
structure onD, compatibility of F with the tensor product (17) and functoriality of F.

• F is a monoidal functor. Let ∇ : F(−) ⊗D F(−)→ F(− ⊗C −) be defined as follows. For all objects X,Y
in C,

∇X,Y := IdX⊗Y : F(X) ⊗D F(Y)→ F(X ⊗C Y),

which clearly defines a natural transformation, and define the unit by

η := IdI : ID → F(IC).

With these choices in hand, F respects the monoidal structure since all the morphisms involved in dia-
grams (1), (2) and (3) are identities or exactly equal by definition of the monoidal structure onD.
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• F is symmetric. This is direct, since all the morphisms involved in diagram (4) are identities or exactly
equal by definition of the monoidal structure onD.

• We show that F is a strict symmetric monoidal functor. By definition, ∇ and η are identities.

• Moreover, if C is a Markov category, then D, together with the structure morphisms of the statement,
becomes a Markov category. By assumption, we can equip every object X inD with a comultiplication

F(copyX) : X → X ⊗ X,

and a counit
F(delX) : X → I.

Then the commutative comonoid equations and compatibility with the monoidal structure are satisfied
since F is a strong symmetric monoidal functor with ∇ and η identities, so that the diagrams in D are
exactly the images by F of the diagrams in C, which are satisified since C is a Markov category, and we
have naturality of F(del) by assumption.

□

2.2 Standard examples
In this section, we will present three standard examples of Markov categories, Set, FinStoch and Gauss.

Example 2.21. The category of sets, with tensor product defined by the cartesian product is a Markov category.

• Set is a monoidal category. The unit object is the set I := {0}. The associator, the left and right unitor
are defined naturally. For every sets X,Y,Z, let

aX,Y,Z : (X × Y) × Z → X × (Y × Z)
((x, y), z) 7→ (x, (y, z))
λX : I × X → X

(0, x) 7→ x

ρX : X × I → X

(x, 0) 7→ x.

They are natural since for all morphisms f : X → A, g : Y → B and h : Z → C, the diagrams

(X × Y) × Z X × (Y × Z)

(A × B) ×C A × (B ×C),

aX,Y,Z

( f×g)×h f×(g×h)

aA,B,C

I × X X

I × A A,

λX

1I× f f

λA

X × I X

A × I A,

ρX

f×1I f

ρA

commute. We can find their inverses, so that they are natural isomorphisms:

a−1
X,Y,Z : X × (Y × Z)→ (X × Y) × Z

(x, (y, z)) 7→ ((x, y), z),

λ−1
X : X → I × X

x 7→ (0, x),

ρ−1
X : X → X × I

x 7→ (x, 0).

12



Now the pentagon and triangle identity follow directly. For every 4-tuple W, X,Y,Z,

aW,X,Y×Z ◦ aW×X,Y,Z(((w, x), y), z) = aW,X,Y×Z((w, x), (y, z))
= (w, (x, (y, z)))
= 1W × aX,Y,Z(w, ((x, y), z)) = 1W × aX,Y,Z ◦ aW,X×Y,Z((w, (x, y)), z)
= 1W × aX,Y,Z ◦ aW,X×Y,Z ◦ aW,X,Y × 1Z(((w, x), y), z),

and
1X × λY ◦ aX,I,Y ((x, 0), y) = 1X × λY (x, (0, y))
=(x, y)
=λX × 1X((x, 0), y).

Thanks to these identities, it follows that Set is a monoidal category.

• Set is symmetric. For all sets X,Y , we define the braiding by

BX,Y : X × Y → Y × X

(x, y) 7→ (y, x).

It is natural since for all morphisms f : X → A, g : Y → B, the diagram

X × Y Y × X

A × B B × A,

BX,Y

f×g g× f

BA,B

commutes. We can define its inverse, so that it is a natural isomorphism:

B−1
X,Y : Y × X → X × Y

(y, x) 7→ (x, y).

The first hexagon identity is then respected for all set X,Y,Z, and for every x ∈ X, y ∈ Y, z ∈ Z:

((x, y), z) (x, (y, z)) ((y, z), x)

((y, x), z) (y, (x, z)) (y, (z, x)).

aX,Y,Z

BX,Y×1z

BX,Y×Z

aY,Z,X

aY,X,Z 1Y×BX,Z

Unit coherence is also respected,

λX ◦ BX,Y : X × I → I × X → X

(x, 0) 7→ (0, x) 7→ x

= ρX : X × I → X

(x, 0) 7→ x.

The symmetry axiom is also respected,

BY,X ◦ BX,Y : X × Y → Y × X → X × Y

(x, y) 7→ (y, x) 7→ (x, y)
= 1X,Y : X × Y → X × Y

(x, y) 7→ (x, y).

• Set is a Markov category. For all sets X, the comultiplication is defined by

∆X : X → X × X

x 7→ (x, x),

and the counit by the unique morphism X → I

delX : X → I

x 7→ 0.
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Then the commutative comonoid equations are satisfied. First,

X X × X

X × X X × X × X,

∆X

∆X 1X×∆X

∆X×1X

commutes since for every x in X,

1X × ∆X ◦ ∆X(x) = 1X × ∆X(x, x)
= (x, x, x)
= ∆X × 1X(x, x) = ∆X × 1X(x, x) ◦ ∆X(x).

Then,

X X × X

I × X

X × X X × I X,

∆X

∆X

delX×1X

λX

1X×delX ρX

commutes since for every x in X,

λX ◦ delX × 1X ◦ ∆X(x) = λX ◦ delX × 1X(x, x) = λX(0, x)
= x

= ρX(x, 0) = ρX ◦ 1X × delX(x, x) = ρX ◦ 1X × delX ◦ ∆X(x).

And
X X × X,

X × X

∆X

∆X
BX,X

commutes since for every x in X,

BX,X ◦ ∆X(x) = BX,X(x, x) = (x, x) = ∆X(x).

We also have compatibility with the monoidal structure,

X × Y I,

I × I

delX×Y

delX×delY
λI

commutes since for every (x, y) in X × Y ,

λI ◦ delX × delY (x, y) = λI(0, 0) = 0 = delX,Y (x, y).

Moreover,
X × Y

X × X × Y × Y X × Y × X × Y,

∆X×Y
∆X×∆Y

1X×BX,Y×1Y

commutes since for every (x, y) in X × Y ,

1X × BX,Y × 1Y ◦ ∆X × ∆Y (x, y) = 1X × BX,Y × 1Y (x, x, y, y) = (x, y, x, y) = ∆X×Y (x, y).
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Lastly, for all sets X and Y , and every morphism f : X → Y ,

X Y

I,

f

delX
delY

commutes since I is terminal in Set. Thus, we proved that Set is a Markov category.

We note that the projections X × Y → X and X × Y → Y coincide with pX = ρX ◦ (1X × delY ) and pY =

λY ◦ (delY × 1Y ). This inspired us to define projections on less standard Markov categories in Definition 2.18.

Remark. FinSet is also a Markov category, since I = 0 is a finite set, and all the structure morphisms defined
in Set can be defined just as in FinSet.

Example 2.22. The category FinStoch of finite sets with Markov kernels as morphisms is also a Markov
category. Markov kernels between finite sets X and Y are morphisms f : X → Y represented as stochastic
matrices ( fxy)x∈X,y∈Y , where the entry fxy =: f (y|x) is interpreted as the probability that the Markov kernel f
returns the value y on input x. So we impose the stochastic condition, i.e., for every x in X,∑

y∈Y

f (y|x) = 1.

Composition of morphisms is given by matrix multiplication, so that g ◦ f with g : Y → Z turns into the
Chapman-Kolmogorov equation,

(g ◦ f )(z|x) =
∑
y∈Y

g(z|y) f (y|x), ∀x ∈ X, z ∈ Z.

The composition is associative, since for all triples of morphisms f : W → X, g : X → Y and h : Y → Z, for
all w in W and z in Z,

((h ◦ g) ◦ f )(z|w) =
∑
x∈X

(h ◦ g)(z|x) f (x|w)

=
∑
x∈X

∑
y∈Y

h(z|y)g(y|x) f (x|w)

=
∑
y∈Y

h(z|y)(g ◦ f )(y|w)

= (h ◦ (g ◦ f ))(z|w).

The identities are the morphisms

1X(x′|x) :=
{

1 if x′ = x
0 otherwise. = δx′,x : X → X,

and we have, for every morphism f : X → Y in FinStoch,

f ◦ 1X(y|x) =
∑
x′∈X

f (y|x′) · δx′,x = f (y|x),

1Y ◦ f (y|x) =
∑
y′∈Y

δy,y′ · f (y′|x) = f (y|x),

so that FinStoch is a category. The tensor product is given on objects by cartesian product on sets. On
morphisms, let f : A→ X and g : B→ Y , then

( f ⊗ g)((x, y)|(a, b)) := f (x|a)g(y|b).

There exists a functor F : FinS et → FinS toch, acting as the identity on objects. On morphisms, for f : X → Y
in FinSet, we can define f̃ := F( f ) : X → Y , considering that for an input x in X, we are sure to assign one
output y = f (x) in Y :

f̃ (y|x) =
{

1 if y = f (x)
0 otherwise. = δy, f (x).
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The composition is preserved since if f : X → Y and g : Y → Z are morphisms in FinSet, then if we
take their representation in FinStoch and then compose, we get the same morphism as if we directly took the
representation of their composition g ◦ f :

g̃(z|y) f̃ (y|x) =
{

1 if z = g(y) and y = f (x)
0 otherwise

=⇒ g̃ ◦ f̃ (z|x) =
∑
y∈Y

g̃(z|y) f̃ (y|x) =
{

1 if z = g( f (x))
0 otherwise = g̃ ◦ f .

(18)

For all sets X, and for all x, x′ in X,
ĨdX(x′|x) = δx,x′ = 1X(x′|x).

Remark. For all morphisms f : X → Y in FinStoch, g : Y → Z and h : W → X in FinSet,

g̃ ◦ f (z|x) =
∑
y∈Y

δg(y),z · f (y|x) =
∑

y∈g−1(z)

f (y|x), (19)

and
f ◦ h̃(y|w) =

∑
x∈X

f (y|x) · δh(w),x = f (y|h(w)). (20)

The conditions of Lemma 2.20 are satisfied since

• The functor F is the identity on objects.

• For all objects X, Y in FinStoch,
X ⊗ Y = X × Y,

and for all morphisms f : X → A, g : Y → B in Set, we can interpret their product f̃ ⊗ g̃ : X⊗Y → A⊗B
in FinStoch in two equal ways:

F( f × g)((a, b)|(x, y)) = ˜( f × g)((a, b)|(x, y)) =
{

1 if (a, b) = ( f (x), g(y))
0 otherwise

= δ(a,b),( f (x), f (y))

= δa, f (x) · δb, f (y)

= ( f̃ ⊗ g̃)((a, b)|(x, y)) = (F( f ) ⊗ F(g))((a, b)|(x, y)).

(21)

• The functor F preserves naturality of the associator, the unitors, the braiding and deletion of C.

– The image of the associator a on FinSet is natural. For all morphisms f : X → A, g : Y → B and
h : Z → C in FinStoch,

F(aX,Y,Z)((x′, (y′, z′))|((x, y), z)) =
{

1 if ((x′, y′), z′) = ((x, y), z)
0 otherwise,

F(aA,B,C)((a′, (b′, c′))|((a, b), c)) =
{

1 if ((a′, b′), c′) = ((a, b), c)
0 otherwise,

so that, by (19) and (20),

F(aA,B,C) ◦ ( f ⊗ g) ⊗ h((a, (b, c))|((x, y), z))
=( f ⊗ g) ⊗ h(((a, b), c)|((x, y), z))
= f (a|x) · g(b|y) · h(c|z)
= f ⊗ (g ⊗ h)((a, (b, c))|(x, (y, z)))
= f ⊗ (g ⊗ h) ◦ F(aX,Y,Z)((a, (b, c))|((x, y), z)),

and the following diagram commutes

(X ⊗ Y) ⊗ Z X ⊗ (Y ⊗ Z)

(A ⊗ B) ⊗C A ⊗ (B ⊗C),

F(aX,Y,Z )

( f⊗g)⊗h f⊗(g⊗h)

F(aA,B,C )

establishing naturality of F(a).
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– The images in FinStoch of the left and right unitors λ and ρ in FinSet are natural. For every
morphism f : X → Y in FinStoch, since

F(λX)(x′|(0, x)) = δx′,x,

F(λY )(y′|(0, y)) = δy′,y,

F(ρX)(x′|(x, 0)) = δx′,x,

F(ρY )(y′|(y, 0)) = δy′,y,

we have by (19) and (20),
F(λY ) ◦ (1I ⊗ f )(y|(0, x))
=(1I ⊗ f )((0, y)|(0, x))
=1I(0, 0) · f (y|x)
= f (y|x)
= f ◦ F(λX)(y|(0, x)),

dually,
F(ρY ) ◦ ( f ⊗ 1Y )(y|(x, 0)) = f (y|x) = f ◦ F(ρX)(y|(x, 0)),

and the following diagram commutes

I ⊗ X X X ⊗ I

I ⊗ Y Y Y ⊗ I,

F(λX )

1I⊗ f f

F(ρX )

f⊗1I

F(λY ) F(ρY )

establishing naturality of F(λ) and F(ρ).
– The image of the braiding B in FinSet is natural. For all morphisms f : X → A and g : Y → B in

FinStoch, since

F(BX,Y )((y′, x′)|(x, y)) =
{

1 if (y′, x′) = (y, x)
0 otherwise,

F(BA,B)((a′, b′)|(a, b)) =
{

1 if (b′, a′) = (b, a)
0 otherwise,

we have by (19) and (20), for all a in A, b in B, x in X and y in Y ,

F(BA,B) ◦ ( f ⊗ g)((b, a)|(x, y))
=( f ⊗ g)((a, b)|(x, y))
= f (a|x) · g(b|y) = g(b|y) · f (a|x)
=(g ⊗ f )((b, a)|(y, x))
=(g ⊗ f ) ◦ F(BX,Y )((b, a)|(x, y)),

and the following diagram commutes

X ⊗ Y Y ⊗ X

A ⊗ B B ⊗ A,

F(BX,Y )

f⊗g g⊗ f

F(BA,B)

establishing naturality of F(B).
– The image of deletion by F is natural. For every morphism f : X → Y in FinStoch, since,

F(delX)(0|x) = 1,
F(delY )(0|y) = 1,

for all x in X and y in Y , so that we have, for all x in X,

(F(delY ) ◦ f )(0|x)

=
∑
y∈Y

f (y|x)

=1
=delX(0|x)
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and the following diagram commutes,

X Y

I,

f

F(delX ) F(delY )

establishing naturality of F(del).

Since the conditions of Lemma 2.20 are satisfied, we can conclude that FinStoch is a Markov category, and F :
FinSet→ FinStoch is a strong symmetric monoidal functor. The comonoid operations are defined on FinStoch
by

d̃elX : X → I

d̃el(0|x) = 1, ∀x ∈ X,

c̃opyX : X → X × X

c̃opyX(x1, x2|x0) =
{

1 if x0 = x1 = x2
0 otherwise, ∀x0, x1, x2 ∈ X.

for all objects X in FinStoch.

Remark. As in Set, there are projection-type morphisms p̃X : X ⊗ Y → X and p̃Y : X ⊗ Y → Y defined by

p̃X(x′|(x, y)) = ρX ◦ 1̃X ⊗ d̃elY (x′|(x, y))
= δx,x′ ,

and
p̃Y (y′|(x, y)) = λY ◦ d̃elX ⊗ 1̃Y (y′|(x, y))

= δy,y′ .

We remark that if we have a morphism f : A→ X × Y , interpreted as the probality for x, y in X × Y knowing a
in A, we can marginalise the probabilities on X and on Y using the composition with p̃X and p̃y:

f|X(x|a) := ( p̃X ◦ f )(x|a)

=
∑

(x′,y)∈X×Y

δx,x′ · f ((x′, y)|a)

=
∑
y∈Y

f ((x, y)|a),

f|Y (y|a) := ( p̃Y ◦ f )(y|a)

=
∑

(x,y′)∈X×Y

δy,y′ · f ((x, y′)|a)

=
∑
x∈X

f ((x, y)|a).

This coincides with the usual marginalisation in probability theory.

Example 2.23. In [2], Fritz defined the category Gauss with objects the elements of N and morphisms f :
n → m defined by a triple (M,C, s), with M ∈ Rm×n, C ∈ Rm×m positive semidefinite, and s ∈ Rm. The idea is
to think of this morphism as a conditional distribution of a random variable Y ∈ Rm in terms of X ∈ Rn as

Y := MX + ξ,

with ξ a Gaussian noise independent of X, with mean E[ξ] := s and covariance matrix Var[ξ] = C. If C is
invertible, then the distribution of Y has density with respect to Lebesgue measure on Rm given by

1
√

(2π)mdet(C)
exp

(
−

1
2

(y − Mx − s)T C−1(y − Mx − s)
)
,

i.e. (Y |X) ∼ N(MX + s,C).
We claim that we can equip Gauss with a structure of a Markov category.
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Proof. • Gauss is a category. We want to define the composition of two morphisms (M,C, s) : n→ m and
(N,D, t) : m→ l. If we go back to the probability interpretation, we can represent these two morphisms
by the random variables Y = MX + ξ and Z = NY + η, where ξ ∼ N(t,D) and η ∼ N(s,C). If we
compose them, then we should get the random variable Z in terms of X, and we would like to reassociate
that to a morphism in Gauss

Z = NMX + Nξ + η︸ ︷︷ ︸
Gaussian noise

.

We need to find the distribution of the new Gaussian noise. Assuming that the noises ξ and η are
independent of each other, we can compute the expectation

E[Nξ + η] = NE[ξ] + E[η] = Ns + t,

and the covariance matrix

Var[Nξ + η] = NVar[ξ] + Var[η] = NCNT + D.

This gives us the definition for the composition :

(N,D, t) ◦ (M,C, s) := (NM,NCNT + D,Ns + t),

which is associative. If (N,D, t) : n→ m, (M,C, s) : m→ l and (L, B, r) : l→ k, then

(L, B, r) ◦ ((M,C, s) ◦ (N,D, t)) = (L, B, r) ◦ (MN,MDMT +C,Mt + s)

= (LMN, L(MDMT +C)LT + B, L(Mt + s) + r)

= (LMN, LMD(LM)T + LCLT + B, LMt + Ls + r)

= (LM, LCLT + B, Ls + r) ◦ (N,D, t)
= ((L, B, r) ◦ (M,C, s)) ◦ (N,D, t).

The identity morphisms are (1n, 0, 0) : n→ n, with 1n the identity matrix in Rn : for every f = (N,D, t) :
n→ m

(1m, 0, 0) ◦ (N,D, t) = (1mN, 1mD1m + 0, 1mt + 0) = (N,D, t),

(N,D, t) ◦ (1n, 0, 0) = (N1n,N0NT + D,N0 + t) = (N,D, t),

i.e., the diagram

n m

n m,

f

f
In Im

f

commutes. Note that this choice of identity is consistent with the probability interpretation, since those
identity morphisms give random variables Y ∈ Rn in terms of X ∈ Rn :

Y = X + ξ,

with ξ ∼ N(0, 0) so that (Y |X) ∼ N(X, 0), this means that we are sure to find Y = X since the covariance
matrix is 0.

• Gauss is a monoidal category.

1. It is a category from the previous point.

2. The tensor product is defined on objects n,m in N by :

n ⊗ m := n + m.

On morphisms, if f : n→ m and g : k → l are defined by (M,C, s) and (N,D, t), we want to define
define their product f ⊗ g : n + k → m + l. By − ⊕ − we will mean the direct sum of two matrices,
i.e., for X ∈ Rm and Y ∈ Rl,

X ⊕ Y :=
(
X 0
0 Y

)
∈ Rm+l
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Let us think of it as a random variable X⊕Y ∈ Rm+l with X inRm and Y inRl in terms of A⊕B ∈ Rn+k

with A in Rn and B in Rk, such that
X = MA + ξ

Y = NB + η,

where ξ ∼M(s,C) and η ∼ N(t,D). So we would like to have

X ⊕ Y = (M ⊕ N)(A ⊕ B) + ξ ⊕ η,

where ξ ⊕ η ∼ N(s ⊕ t,C ⊕ D). So we can define the tensor product by

(M,C, s) ⊗ (N,D, t) := (M ⊕ N,C ⊕ D, s ⊕ t).

We show that − ⊗ − is a bifunctor as follows. If f1 : n → m′, f2 : m′ → m, g1 : k → l′ and
g2 : l′ → l are defined respectively by (M1,C1, s1) (M2,C2, s2), (N1,D1, t1), and (N2,D2, t2), then
we want to show that

( f2 ⊗ g2) ◦ ( f1 ⊗ g1) = ( f2 ◦ f1) ⊗ (g2 ⊗ g1).

This holds since,

((M2,C2, s2) ⊗ (N2,D2, t2)) ◦ ((M1,C1, s1) ⊗ (N1,D1, t1))
=(M2 ⊕ N2,C2 ⊕ D2, s2 ⊕ t2) ◦ (M1 ⊕ N1,C1 ⊕ D1, s1 ⊕ t1)

=((M2 ⊕ N2)(M1 ⊕ N1), (M2 ⊕ N2)(C1 ⊕ D1)(M2 ⊕ N2)T +C2 ⊕ D2,

(M2 ⊕ N2)(s1 ⊕ t1) + (s2 ⊕ t2))

=((M2M1) ⊕ (N2N1), (M2C1MT
2 +C2) ⊕ (N2D1NT

2 + D2), (M2s1 + s2) ⊕ (N2t1 + t2))

=(M2M1,M2C1MT
2 +C2,M2s1 + s2) ⊗ (N2N1,N2D1NT

2 + D2,N2t1 + t2)
=((M2,C2, s2) ◦ (M1,C1, s1)) ⊗ ((N2,D2, t2) ◦ (N1,D1, t1)).

3. The unit object is defined by I := 0.

4. For every triple l,m, n of objects, we define the associator al,m,n : (l ⊗ m) ⊗ n → l ⊗ (m ⊗ n) by the
identity (1l+m+n, 0, 0) since (l⊗m)⊗n = l⊗ (m⊗n) = l+m+n. This defines a natural isomorphism.

5. For every object n, we define the left unitor λn : I ⊗ n → n by the identity (1n, 0, 0) since I ⊗ n =
0 + n = n. This defines a natural isomorphism.

6. Dually, for every object n, we define the left unitor ρn : n ⊗ I → n by the identity (1n, 0, 0) since
n ⊗ I = n + 0 = n. This defines a natural isomorphism.

The pentagon and triangle identities hold directly, since all the morphisms involved are identities. This
yields that Gauss is a monoidal category.

• Gauss is symmetric. For every n,m ∈ N, define the braiding Bn,m : n ⊗ m→ m ⊗ n by((
0 1m

1n 0

)
, 0, 0

)
,

B−1
n,m =

( 0 1m

1n 0

)−1

, 0, 0

 = ((
0 1n

1m 0

)
, 0, 0

)
= Bm,n.

The hexagon identity holds since for every l,m, n ∈ N,

1m ⊗ Bl,n ◦ Bl,m ⊗ 1n =


1m 0 0

0 0 1n

0 1l 0

 , 0, 0
 ◦


0 1m 0
1l 0 0
0 0 1n

 , 0, 0
 =

((
0 1m+n

1l 0

)
, 0, 0

)
= Bl,m⊗n.

The unit coherence and the symmetry follow directly since all the morphisms involved are identities.
This yields that Gauss is a symmetric monoidal category.

• Gauss is a Markov category. For every n ∈ N, we can define a comultiplication copyn : n→ 2n,

copyn :=
((

1n

1n

)
, 0, 0

)
,
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and a counit deln : n→ 0,
deln := (00×n, 00×0, 00×0),

where 00×n and 00×0 are matrices of dimension 0 × n and 0 × 0. By this, we mean that for every M in
Rm×n,

00×mM = 00×n,

M ⊕ 00×l =
(
M 0

)
∈ Rm×(n+l),

00×l ⊕ M =
(
0 M

)
∈ Rm×(l+n),

00×n ⊕ 00×m = 00×(n+m),

00×000×m = 00×0,

M ⊕ 00×0 = M = 00×0 ⊕ M,

and 0T
0×n = 0n×0. We can define similar conditions on 0n×0 dually.

The morphisms defined above satisfy the comonoid equations. For every n ∈ N, coassociativity holds,
since

(1n ⊗ copyn) ◦ copyn(
1n ⊗

((
1n

1n

)
, 0, 0

))
◦

((
1n

1n

)
, 0, 0

)

=


1n 0

0 1n

0 1n

 , 0, 0
 ◦

((
1n

1n

)
, 0, 0

)

=


1n

1n

1n

 , 0, 0


=


1n 0
1n 0
0 1n

 , 0, 0
 ◦

((
1n

1n

)
, 0, 0

)

=

(((
1n

1n

)
, 0, 0

)
⊗ 1n

)
◦

((
1n

1n

)
, 0, 0

)
=(copyn ⊗ 1n) ◦ copyn.

Counitality holds as well, since

λn ◦ (deln ⊗ 1n) ◦ copyn

=(1n, 0, 0) ◦ ((00×n, 00×0, 00×0) ⊗ (1n, 0, 0)) ◦
((

1n

1n

)
, 0, 0

)
=(1n, 0, 0) ◦

((
0 1n

)
, 0, 0

)
◦

((
1n

1n

)
, 0, 0

)
=1n

=(1n, 0, 0) ◦
((

1n 0
)
, 0, 0

)
◦

((
1n

1n

)
, 0, 0

)
=(1n, 0, 0) ◦ ((1n, 0, 0) ⊗ (00×n, 00×0, 00×0)) ◦

((
1n

1n

)
, 0, 0

)
=ρX ◦ (1n ⊗ deln) ◦ copyn.

And cocommutativity is also respected, since

Bn,n ◦ copyn =

((
0 1n

1n 0

)
, 0, 0

)
◦

((
1n

1n

)
, 0, 0

)
=

((
1n

1n

)
, 0, 0

)
= copyn.

Moreover, we have compatibility with the monoidal structure,

deln⊗m = (00×(n+m), 00×0, 00×0) = deln ⊗ delm,
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(1n ⊗ Bn,m ⊗ 1m) ◦ (copyn ⊗ copym)

=

((
1n ⊕

(
0 1m

1n 0

)
⊕ 1m

)
·

((
1n

1n

)
⊕

(
1m

1m

))
, 0, 0

)

=



1n 0 0 0
0 0 1m 0
0 1n 0 0
0 0 0 1m

 ·

1n 0
1n 0
0 1m

0 1m

 , 0, 0


=



1n 0
0 1m

1n 0
0 1m

 , 0, 0


=

((
1n+m

1n+m

)
, 0, 0

)
=copyn⊗m.

Finally, the naturality of deletion holds also in Gauss. For every f : n→ m defined by (M,C, s),

delm ◦ f = (00×m, 00×0, 00×0) ◦ (M,C, s) = (00×n, 00×0, 00×0) = deln.

This yields that Gauss is a Markov category.
□

2.3 Markov categories from Kleisli categories
As we mentionned above, one can construct a new Markov category from a monad on an old Markov category.
In this section, we will see how it works.

Proposition 2.24. [2, 3.1]. Let D be a symmetric monoidal category and T : D → D a symmetric monoidal
monad with multiplication µ : TT → T and unit η : I → T equipped with the morphism ∇X,Y : T X ⊗ TY →
T (X ⊗ Y). Then, the Kleisli category Kl(T ) becomes symmetric monoidal, with:

• the tensor product of objects being the one ofD,

• the tensor product of morphisms represented by f : A → T X and g : B → TY being represented by the
composite

A ⊗ B T X ⊗ TY T (X ⊗ Y).
f⊗g ∇X,Y

Moreover, the standard inclusion functorD → Kl(T ) is strict symmetric monoidal.

Proof. We want to apply Lemma 2.20 to the standard inclusion functor F : D → Kl(T ). We now show that
− ⊗Kl(T ) − is indeed a bifunctor. Recall that the identity on A in Kl(T ) is ηA, and that the diagram

A ⊗Kl B T (A) ⊗Kl T (B),

T (A ⊗Kl B)

ηA⊗DηB

ηA⊗Kl B
∇A,B

commutes by diagram (8) in Definition 2.8. We still have to prove that composition is preserved.
Let f : A → X, g : B → Y , f ′ : X → C and g′ : Y → E morphisms in Kl(T ) together with their

representatives inD f : A→ T X, g : B→ TY , f ′ : X → TC, g′ : Y → T E, we want to prove that inD,

( f ′ ⊗Kl(T ) g′) ◦ ( f ⊗Kl(T ) g) = ( f ′ ◦ f ) ⊗Kl(T ) (g′ ◦ g).

We have that

A ⊗D B T (X ⊗D Y),

T X ⊗D TY

f⊗Dg

f⊗Klg

∇X,Y
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commutes by definition of the tensor product in Kl(T ) on morphisms,

T (X ⊗D Y)

T (TC ⊗D T E)

T X ⊗D TY TTC ⊗D TT E,

T ( f ′⊗Dg′)

T ( f ′)⊗DT (g′)

∇X,Y

∇TC,T E

commutes by naturality of ∇,

T (X ⊗D Y) TT (C ⊗D E),

T (TC ⊗D T E)

T ( f ′⊗Dg′)

T ( f ′⊗Klg′)

T∇C,E

commutes by definition of the tensor product on morphisms in Kl(T ),

TT (C ⊗D E)

T (TC ⊗D T E) T (C ⊗D E)

TTC ⊗D TT E TC ⊗D T E,

µC⊗DE
T∇C,E

∇TC,T E

µC⊗DµE

∇C,E

commutes by the diagram (7), from the definition of a symmetric monoidal monad. Putting together all these
commuting diagrams, we get the big commuting diagram

A ⊗D B T (X ⊗D Y) TT (C ⊗D E)

⟲ ⟲ T (C ⊗D E)

⟲ T (TC ⊗D T E) ⟲

T X ⊗D TY TTC ⊗D TT E TC ⊗D T E.

f⊗Dg

f⊗Klg

T ( f ′⊗Dg′)

T ( f ′⊗Klg′)

µC⊗DE

T∇C,D
∇X,Y

T ( f ′)⊗DT (g′)

∇TC,T E

µC⊗DµE

∇C,E

(22)

By definition of composition in Kl(T ), going first down, then right in the diagram above, we have:

(µC ◦ T ( f ′) ◦ f ) ⊗D (µE ◦ T (g′) ◦ g) = ( f ′ ◦ f ) ⊗D (g′ ◦ g).

By bifunctoriality of − ⊗D − and definition of composition and product in Kl(T ), the following diagrams
commute:

A ⊗D B T (C ⊗D E)

T (X ⊗D Y) TT (C ⊗D E)

f⊗Klg

( f ′⊗Kl(T )g′)◦( f⊗Kl(T )g)

T ( f ′⊗Klg′)

µC⊗DE ,

A ⊗D B T (C ⊗D E)

TC ⊗D T E

T X ⊗D TY TTC ⊗D TT E

( f ′◦ f )⊗Kl(T )(g′◦g)

f⊗Dg

( f ′◦ f )⊗D(g′◦g)

∇C,E

T ( f ′)⊗DT (g′)

µC⊗DµE

.
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It follows that by (22), the following diagram commutes

A ⊗D B

T (X ⊗D Y) TT (C ⊗D E)

T X ⊗D TY T (C ⊗D E),

TTC ⊗D TT E TC ⊗D T E

f⊗Dg

f⊗Klg

( f ′◦ f )⊗Kl(T )(g′◦g)

( f ′⊗Kl(T )g′)◦( f⊗Kl(T )g)

T ( f ′⊗Klg′)

µC⊗DE

T ( f ′)⊗DT (g′)

µC⊗DµE

∇C,E

which confirms the last condition for the tensor product to be a bifunctor.
We will now denote ⊗Kl(T ) by ⊗ for simplicity.
Recall that F is defined as follows.

• On objects : For every X in Ob(D), F(X) = X.

• On morphisms : For every f : X → Y inD, F( f ) : X → Y is represented inD by

F( f ) := ηY ◦ f .

We have that F is a functor since for all object C inD,

F(1C) = ηC ◦ 1C = ηC ,

which is the identity on C in DT and for all morphisms f : A → X, g : X → Y in D, if we denote new
morphisms in Kl(T ) by their representation in D : f̃ := F( f ) = ηX ◦ f : A → T (X) and g̃ := F(g) = ηY ◦ g :
X → T (Y), then composition is preserved, as we now show. Observe that

g̃ ◦ f = ηY ◦ g ◦ f , f̃ ◦ g̃ = µY ◦ TηY ◦ Tg ◦ ηX ◦ f ,

and
TY

TY TTY,
TηY

µY

commutes by the diagram (5) in the definition of a monad, while

X Y

T X TY,

g

ηX ηY

Tg
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commutes by naturality of η. Putting that together, we have that the following big diagram commutes:

X

A ⟲ Y

X ⟲ TY

T X ⟲ TTY

TY

gf

f ηY

ηX

Tg

µY

TηY

and so
g̃ ◦ f = g̃ ◦ f̃ . (23)

Then this functor satisfies the conditions we want, i.e.,

• F is the identity on objects.

• The tensor product is defined on objects by

A ⊗Kl B = A ⊗D B

for all A, B in Kl(T ). For any morphisms f : A→ X, g : B→ Y inD, the product is preserved:

F( f ⊗D g) = ˜f ⊗D g = ηX⊗DY ◦ ( f ⊗D g)

= ∇X,Y ◦ (ηX ⊗D ηY ) ◦ ( f ⊗D g) = = ∇X,Y ◦ ( f̃ ⊗D g̃)
= F( f ) ⊗Kl F(g),

inD by the diagram (8) from the definition 2.8 of a symmetric monoidal monad. It follows that in Kl(T ),

F( f ⊗D g) = F( f ) ⊗Kl F(g).

• The images of the associator, the unitors and the braiding through F are natural regarding all the
morphisms in Kl(T ).

– F(αD) is natural. If f : X → A, g : Y → B and h : Z → C are in Kl(T ) with representatives
f : X → T A, g : Y → T B and h : Z → TC inD, then ( f ⊗Kl(T ) g) ⊗Kl(T ) h and f ⊗Kl(T ) (g ⊗Kl(T ) h)
are represented inD by

( f ⊗Kl(T ) g) ⊗Kl(T ) h = ∇A⊗B,C ◦ ( f ⊗Kl(T ) g) ⊗D h = ∇A⊗B,C ◦ (∇A,B ⊗D 1TC) ◦ ( f ⊗D g) ⊗D h,

f ⊗Kl(T ) (g ⊗Kl(T ) h) = ∇A,B⊗C ◦ f ⊗D (g ⊗Kl(T ) h) = ∇A,B⊗C ◦ (1T A ⊗D ∇C,D) ◦ f ⊗D (g ⊗D h)

We want to prove that the following diagram commutes in Kl(T ),

(X ⊗ Y) ⊗ Z (A ⊗ B) ⊗C

X ⊗ (Y ⊗ Z) A ⊗ (B ⊗C),

( f⊗Kl(T )g)⊗Kl(T )h

F(aX,Y,Z ) F(aA,B,C )

f⊗Kl(T )(g⊗Kl(T )h)

which is equivalent to the following diagram commuting inD,
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(X ⊗ Y) ⊗ Z (T A ⊗ T B) ⊗ TC T (A ⊗ B) ⊗ TC

X ⊗ (Y ⊗ Z) T ((A ⊗ B) ⊗C)

T (X ⊗ (Y ⊗ Z)) T (A ⊗ (B ⊗C))

T (T A ⊗ (T B ⊗ TC)) TT (A ⊗ (B ⊗C))

T (T A ⊗ T (B ⊗C)) TT (A ⊗ (B ⊗C)) T (A ⊗ (B ⊗C)).

( f⊗Dg)⊗Dh

aX,Y,Z

∇A,B⊗D1TC

∇A⊗B,C

ηX⊗(Y⊗Z) T (aA,B,C )

T ( f⊗D(g⊗Dh)) ηT (A⊗(B⊗C))

T (1T A⊗D∇B,C ) µA⊗(B⊗C)

T (∇A,B⊗C ) µA⊗(B⊗C)

We have, by naturality of the associator inD, that the following diagram commutes,

(X ⊗ Y) ⊗ Z (T A ⊗ T B) ⊗ TC

X ⊗ (Y ⊗ Z) T A ⊗ (T B ⊗ TC).

( f⊗Dg)⊗Dh

aX,Y,Z aT A,T B,TC

f⊗D(g⊗Dh)

Moreover, T is a lax monoidal functor, so by diagram (1), the following diagram commutes,

(T A ⊗ T B) ⊗ TC T (A ⊗ B) ⊗ TC

T A ⊗ (T B ⊗ TC) T ((A ⊗ B) ⊗C)

T A ⊗ T (B ⊗C) T (A ⊗ (B ⊗C)).

∇A,B⊗D1TC

aT A,T B,TC ∇A⊗B,C

1T A⊗D∇B,C T (aA,B,C )

∇A,B⊗C

By naturality of η, we have that the following diagram commutes

X ⊗ (Y ⊗ Z) T A ⊗ (T B ⊗ TC)

T (X ⊗ (Y ⊗ Z)) T A ⊗ T (B ⊗C) T (A ⊗ (B ⊗C))

T (T A ⊗ (T B ⊗ TC))

T (T A ⊗ T (B ⊗C)) TT (A ⊗ (B ⊗C)).

ηX⊗(Y⊗Z)

f⊗D(g⊗Dh)

1T A⊗D∇B,C

T ( f⊗D(g⊗Dh))
∇A,B⊗C

ηT (A⊗(B⊗C))

T (1T A⊗D∇B,C )

T (∇A,B⊗C )

We have directly that the following diagram commutes

T (A ⊗ (B ⊗C))

TT (A ⊗ (B ⊗C))

TT (A ⊗ (B ⊗C)) T (A ⊗ (B ⊗C)).

ηT (A⊗(B⊗C))

ηT (A⊗(B⊗C))

µA⊗(B⊗C)

µA⊗(B⊗C)
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Putting all the diagrams above together, we have that the big diagram below commutes,

(X ⊗ Y) ⊗ Z (T A ⊗ T B) ⊗ TC T (A ⊗ B) ⊗ TC

X ⊗ (Y ⊗ Z) T A ⊗ (T B ⊗ TC) T ((A ⊗ B) ⊗C)

T (X ⊗ (Y ⊗ Z)) T A ⊗ T (B ⊗C) T (A ⊗ (B ⊗C))

T (T A ⊗ (T B ⊗ TC)) TT (A ⊗ (B ⊗C))

T (T A ⊗ T (B ⊗C)) TT (A ⊗ (B ⊗C)) T (A ⊗ (B ⊗C)),

( f⊗Dg)⊗Dh

aX,Y,Z

∇A,B⊗D1TC

aT A,T B,TC ∇A⊗B,C

ηX⊗(Y⊗Z)

f⊗D(g⊗Dh)

1T A⊗D∇B,C T (aA,B,C )

T ( f⊗D(g⊗Dh))
∇A,B⊗C

ηT (A⊗(B⊗C))

ηT (A⊗(B⊗C))

T (1T A⊗D∇B,C ) µA⊗(B⊗C)

T (∇A,B⊗C ) µA⊗(B⊗C)

confirming that F(a) is natural.

– F(λ) and F(ρ) are natural. If f : X → Y is in Kl(T ), represented in D by f : X → Y , then
1I ⊗Kl(T ) f : I ⊗ X → I ⊗ Y and f ⊗Kl(T ) 1I : X ⊗ I → Y ⊗ I are represented inD by

1I ⊗Kl(T ) f = ∇I,Y ◦ (ηI ⊗D f ) : I ⊗ X → T (I ⊗ Y),

f ⊗Kl(T ) 1I = ∇Y,I ◦ ( f ⊗D ηI) : X ⊗ I → T (Y ⊗ I).

We want to prove that the following diagrams commute in Kl(T ),

I ⊗ X X

I ⊗ Y Y

F(λX )

1I⊗Kl(T ) f f

F(λY )

,

X ⊗ I X

Y ⊗ I Y

F(ρX )

f⊗Kl(T )1I f

F(ρY )

which is equivalent to the following diagrams commuting inD,

I ⊗ X X T X

T I ⊗ TY TTY

T (I ⊗ Y) TY TTY TY,

λX

ηI⊗D f

ηX

T f

∇I,Y µY

T (λY ) TηY µY

X ⊗ I X T X

TY ⊗ T I TTY

T (Y ⊗ I) TY TTY TY.

ρX

f⊗DηI

ηX

T f

∇Y,I µY

T (ρY ) TηY µY

By bifunctoriality of − ⊗D −, the following diagrams commute,

I ⊗ X

T I ⊗ TY I ⊗ TY

ηI⊗D f
1I⊗D f

ηI⊗D1TY

,

X ⊗ I

TY ⊗ T I TY ⊗ I

f⊗DηI

f⊗D1I

1TY⊗DηI

.
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By naturality of λ and ρ, the following diagrams commute,

I ⊗ X X,

I ⊗ TY

TY

λX

1I⊗D f

f

λTY

X ⊗ I X.

I ⊗ TY

TY

ρX

f⊗D1I

f

λTY

Since T is a lax symmetric monoidal functor, the following diagrams commute,

T I ⊗ TY I ⊗ TY

T (I ⊗ Y) TY,

∇I,Y

ηI⊗D1TY

λTY

T (λY )

TY ⊗ T I TY ⊗ I

T (Y ⊗ I) TY.

∇Y,I

1TY⊗DηI

ρTY

T (ρY )

By diagram (5) in Definition of a monad,

µY ◦ TηY = µY ◦ ηTY ,

and by naturality of η, the following diagrams commute:

X T X

TTY

TY TTY TY

ηX

f

T f

µY

ηTY

µY◦TηY

µY

,

X T X

TTY

TY TTY TY

ηX

f

T f

µY

ηTY

µY◦TηY

µY

.

Putting all the diagrams above together, we have that the following two big diagrams commute

I ⊗ X X T X

T I ⊗ TY I ⊗ TY TTY

T (I ⊗ Y) TY TTY TY,

λX

ηI⊗D f
1I⊗D f

ηX

f

T f

∇I,Y

ηI⊗D1TY

λTY µY

T (λY )

ηTY

µY◦TηY

µY

X ⊗ I X T X

TY ⊗ T I TY ⊗ I TTY

T (Y ⊗ I) TY TTY TY,

ρX

f⊗DηI

f⊗D1I

ηX

f

T f

∇Y,I

1TY⊗DηI

ρTY µY

T (ρY )

ηTY

µY◦TηY

µY

establishing that F(λ) and F(ρ) are natural in Kl(T ).

– F(B) is natural. If f : X → A and g : Y → C are in Kl(T ), represented in D by f : X → T A and
g : Y → TC, then f ⊗Kl(T ) g : X ⊗ Y → A ⊗ C and g ⊗Kl(T ) f : Y ⊗ X → C ⊗ A are represented in
D by

f ⊗Kl(T ) g = ∇X,Y ◦ ( f ⊗D g) : X ⊗ Y → A ⊗C,

g ⊗Kl(T ) f = ∇X,Y ◦ (g ⊗D f ) : Y ⊗ X → C ⊗ A.
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We want to prove that the following diagram commutes in Kl(T ),

X ⊗ Y Y ⊗ X

A ⊗C C ⊗ A,

f⊗Kl(T )g

BX,Y

g⊗Kl(T ) f

BA,C

which is equivalent to the following diagram commuting inD,

X ⊗ Y Y ⊗ X T (Y ⊗ X)

T A ⊗ TC T (TC ⊗ T A)

T (A ⊗C) TT (C ⊗ A)

T (C ⊗ A) TT (C ⊗ A) T (C ⊗ A).

BX,Y

f⊗Dg

ηY⊗X

T (g⊗D f )

∇A,C T∇C,A

T (BA,C ) µC⊗A

T (ηC⊗A) µC⊗A

By naturality of the braiding B and η, we have that the following diagrams commute,

X ⊗ Y Y ⊗ X T (Y ⊗ X)

T A ⊗ TC TC ⊗ T A T (TC ⊗ T A),

BX,Y

f⊗Dg

ηY⊗X

g⊗D f T (g⊗D f )

BT A,TC ηTC⊗T A

TC ⊗ T A T (TC ⊗ T A)

T (C ⊗ A) TT (C ⊗ A).

ηTC⊗T A

∇C,A T∇C,A

ηT (C⊗A)

Since T is lax symmetric monoidal, by Diagram (4), the following diagram commutes

T A ⊗ TC TC ⊗ T A

T (A ⊗C)

T (C ⊗ A).

∇A,C

BT A,TC

∇C,A

T (BA,C )

By definition of a monad, diagram (6), the following diagram commutes,

T (C ⊗ A) TT (C ⊗ A)

T (C ⊗ A) TT (C ⊗ A) T (C ⊗ A).

ηT (C⊗A)

µC⊗A

T (ηC⊗A) µC⊗A

Putting all of the diagrams above together, we have that the following big diagram commutes,

X ⊗ Y Y ⊗ X T (Y ⊗ X)

T A ⊗ TC TC ⊗ T A T (TC ⊗ T A)

T (A ⊗C) T (C ⊗ A) TT (C ⊗ A)

T (C ⊗ A) TT (C ⊗ A) T (C ⊗ A),

BX,Y

f⊗Dg

ηY⊗X

g⊗D f T (g⊗D f )

∇A,C

BT A,TC

∇C,A

ηTC⊗T A

∇C,A T∇C,A

T (BA,C )

ηT (C⊗A)

µC⊗A

T (ηC⊗A) µC⊗A

establishing the naturality of F(B).
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So Lemma 2.20 applies, implying that Kl(T ) is a symmetric monoidal category, and that F is a strict symmetric
monoidal functor. This yields the Proposition. □

Corollary 2.25. [2, 3.2]. LetD be a Markov category and T a symmetric monoidal affine monad onD. Then
the Kleisli category Kl(T ) is again a Markov category in a canonical way.

Proof. We want to apply the second part of Lemma 2.20. For the naturality of F(del), we have to show that
for every f : X → Y in Kl(T ),

X Y

I I,

f

F(delX ) F(delY )

commutes in Kl(T ). This means that inD, the following diagram must commute

X TY

TT I

T I T I.

f

d̃elDX

T (d̃elDY )

µI

SinceD is a Markov category, for every f : X → TY inD,

X TY,

I

f

delDX
delDTY

commutes and
T I TT I,

T I

T (ηI )

µI

commutes by diagram (5) in Definition 2.4 of a monad. The diagram

TY T I

I I

T (delDY )

delDTY delDT I ηI

commutes by naturality of del and the fact that T is affine (i.e., ηI : I → T I is the inverse of the unique
morphism delT I : T I → I) , so that the diagram

TY T I

I T I,

delDTY

T (delDY )

ηI
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commutes. Putting that together, we have that the following big diagram commutes

X TY T I TT I.

⟲ ⟲ ⟲

I T I

f

delDX

d̃elDX

delDTY

T (delDY )

T (d̃elDY )

T (ηI )

µI

ηI

So Kl(T ) is a Markov category. □

Example 2.26. In 2.15, we have defined the Kleisli category MultiVar of a symmetric monoidal affine monad
on the Markov category FinSet. Then we have the Multivar is also a Markov category.

Example 2.27. We would like to see if FinStoch is the Kleisli category of a monad on FinSet. For f : X → Y
in FinStoch, we want to interpret it as a function from X to TY , a finite set. But if we interpret f as a function,
then f (x) = (λ1, λ2, ...λn), with n = |Y | and

∑
0<i≤n λi = 1, so we need f (x) to belong to an infinite space (not

even countable), so TY cannot be in FinSet.

3 Properties of Markov categories
In this section, we will see some properties that all the Markov categories have, some particular morphisms,
and some interesting properties that a Markov category can have (but not necessarily).

3.1 Deterministic morphisms
We will first study some particular morphisms in Markov categories, that can be interpreted as functions or
deterministic morphisms.

Definition 3.1. [2, 10.1]. A morphism f : X → Y in a Markov category is deterministic if it respects the
comultiplication,

f f

• =

f
• ,

i.e., f is a morphism of comonoids and the following diagram commutes:

X Y

X ⊗ X Y ⊗ Y.

f

copyX copyY

f⊗ f

Example 3.2. In Set,

X Y

X × X Y × Y,

f

∆X ∆Y

f× f
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commutes for every function f : X → Y . So every morphism in Set is deterministic.

Example 3.3. In FinStoch, if f : X → Y is deterministic,

X Y

⟲

X × X Y × Y.

f

copyX copyY

f⊗ f

For every (y1, y2) ∈ Y × Y and x0 ∈ X, on the one hand,

X X × X Y × Y,
copyX f⊗ f

gives
f ⊗ f ◦ copyX(y1, y2|x0) =

∑
(x1,x2)∈X×X

f ⊗ f (y1, y2|x1, x2) · copyX(x1, x2|x0)

= f ⊗ f (y1, y2|x0, x0)
= f (y1|x0) · f (y2|x0).

On the other hand,

X Y Y × Y,
f copyY

gives
copyY ◦ f (y1, y2|x0) =

∑
y0∈Y

copyY (y1, y2|y0) · f (y0|x0)

= f (y1|x0) · δy1,y2 ,

so that f deterministic implies that for every (y1, y2) ∈ Y × Y and x0 ∈ X,

f (y1|x0) · f (y2|x0) = f (y1|x0) · δy1,y2 =

{
f (y1|x0) if y1 = y2
0 otherwise,

which happens if and only if
f (y1|x0) = 0,

or

f (y2|x0) =
{

f (y1|x0) = 1 if y1 = y2
0 if y1 , y2.

Since ∑
y∈Y

f (y|x0) = 1,

for every x0, there exists a unique y ∈ Y such that f (y|x0) = 1, and f (y2|x0) = δy,y2 for every y2 ∈ Y . This is
consistent with the probabilistic definition of a deterministic function : for every x0 ∈ X, we are sure to assign
only one value y ∈ Y , so that f (y0|x0) = δy,y0 . The deterministic morphisms also coincide with the images of
functions f : X → Y in FinSet through the standard inclusion functor FinS et → FinS toch defined in Exemple
2.22.

Example 3.4. In Gauss, a morphism f : n → m defined by (M,C, s), M ∈ Rm×n, C ∈ Rm×m, s ∈ Rm, is
deterministic if

n 2n

⟲

m 2m.

copyn

f f⊗ f

copym

On the one hand,

n 2n 2m,
copyn f⊗ f
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gives

( f ⊗ f ) ◦ copyn = (M ⊕ M,C ⊕C, s ⊕ s) ◦
((

1n

1n

)
, 0, 0

)
=

(
(M ⊕ M)

(
1n

1n

)
, (M ⊕ M) · 0 · (M ⊕ M)T +C ⊕C, (M ⊕ M) · 0 + s ⊕ s

)
=

((
M
M

)
,C ⊕C, s ⊕ s

)
.

On the other hand,

n m 2m,
f copym

gives

copym ◦ f =
((

1m

1m

)
, 0, 0

)
◦ (M,C, s)

=

(1m

1m

)
M,

(
1m

1m

)
C

(
1m

1m

)T

+ 0,
(
1m

1m

)
s + 0


=

((
M
M

)
,

(
C C
C C

)
,

(
s
s

))
.

For every M ∈ Rm×n, C ∈ Rm×m, s ∈ Rm, (
M
M

)
=

(
M
M

)
C ⊕C =

(
C 0
0 C

)
s ⊕ s =

(
s
s

)
,

so that f is deterministic if and only if (
C C
C C

)
=

(
C 0
0 C

)
,

i.e., C = 0. This corresponds to the probabilistic definition of a deterministic morphism since C = 0 corre-
sponds to morphism with no covariance, i.e., deterministic variables.

Definition 3.5. Let D be a category. Then a morphism f : X → Y in D is an epimorphism if, for all object Z
and all morphisms g1, g2 : Y → Z inD,

g1 ◦ f = g2 ◦ f ,

implies
g1 = g2.

Lemma 3.6. [2, 10.9]. Let C be a Markov category and let f : X → Y and g : Y → Z be morphisms in C.
Then:

1. If f and g are deterministic, then so is g f .

2. If g f is deterministic and f is a deterministic epimorphism, then g is deterministic as well.

3. If f and g are inverse isomorphisms and if one of them is deterministic, then so is the other.

Proof. 1. Suppose f and g are deterministic. Then,

•

f

g =
•

f

g g

=
•

f f

g g

,

where the first equality comes from the fact that g is deterministic, and the second from the fact that f is
deterministic.

33



2. Suppose that g f is deterministic and that f is a deterministic epimorphism. Then,

•

f

g =
•

f f

g g

=
•

f

g g

,

where the first equality holds since g f is deterministic, and since f is an epimorphism, we get that

•

g

= •

g g

,

i.e., g is deterministic.

3. Suppose that f and g are inverse isomorphisms. We can suppose, without lost of generality, that f is
deterministic. Then,

•

g
=

•

f f

g g

g
=

•

f

g

g g

=
•

g g

,

where the first and last equalities hold since f and g are inverse isomorphisms, and the second holds
since f is deterministic. We then have that g is deterministic.

□

With the result above in hand, we can construct a subcategory made of the deterministic morphisms:

Definition 3.7. Cdet is the category defined as follows.

• The objects of Cdet are exactly the objects of C

• The morphisms of Cdet are the deterministic morphisms in C.

We can actually construc a Markov subcategory out of these deterministic morphisms.

Lemma 3.8. [2, 10.12]. The subcategory of deterministic morphisms Cdet ⊆ C is closed under tensor product
and contains all structure maps, meaning the associators, unitors, del, copy, and swap.

Proof. • Cdet is closed under tensor product. Since ObCdet = ObC, for all X,Y objects in Cdet, X ⊗ Y is
also an object in Cdet. Now suppose f : X → A, g : Y → B are deterministic morphisms. Then, their
tensor product is also deterministic:

X ⊗ Y

A ⊗ B A ⊗ B

•

f ⊗ g
=

X ⊗ Y

f ⊗ g
• •

A B A B

=

X Y

f g
• •

A B A B

,
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where the equalities hold by (14).

X Y

f g
• •

A B A B

=

X Y

• •

f g f g

A B A B

=

X ⊗ Y

A ⊗ B A ⊗ B

•

f ⊗ g f ⊗ g

,

where the first equality holds by the fact that f and g are deterministic, and the second by (14). This
yields that Cdet is closed under tensor product.

• Cdet contains all structure maps.

– for every object X in C, delX is deterministic:

X

I I

•

delX

=

I

X

=

X

I I

•

delX delX

,

by counitality (12).

– for every object X in C, copyX is deterministic:

• •

• =

•

•

•

= •

•

•

= •

•

•

, (24)

where for the second and third equality, we used coassociativity of the objects in C (11). And this
yields that, for all object X in C:

X

X ⊗ X X ⊗ X

•

copyX

=

X

X X X X

• •

•

=

X X X X

•
•

•

X

=

X X X X

•

•

•

X

=

X X X X

• •

•

X

=

X

X ⊗ X X ⊗ X

•

copyX copyX

,

where in the third equality, we used cocommutativity of the objects in C (13)
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– for every pair of objects X,Y in C, BX,Y is deterministic:

X ⊗ Y

Y ⊗ X Y ⊗ X

•

BX,Y

=

X Y

• •

Y X Y X

=

Y X Y X

• •

X Y

=

Y X Y X

• •

X Y

=

Y ⊗ X Y ⊗ X

•

X ⊗ Y

BX,Y BX,Y

,

where the first and fourth equalities hold by (14), the second equality by naturality of the braiding:

X ⊗ Y X ⊗ X ⊗ Y ⊗ Y

⟲

Y ⊗ X Y ⊗ Y ⊗ X ⊗ X,

copyX⊗copyY

BX,Y BX⊗X,Y⊗Y

copyY⊗copyX

and the third equality holds by symmetry of the braiding and first and second hexagon identities:

(1Y ⊗ BY,X ⊗ 1X) ◦ BX⊗X,Y⊗Y

= (1Y ⊗ BX⊗X,Y ) ◦ (BX⊗X,Y ⊗ 1Y )
= (1Y ⊗ BY,X ⊗ 1X) ◦ (1Y ⊗ (BX,Y ⊗ 1X ◦ 1X ⊗ BX,Y )) ◦ ((BX,Y ⊗ 1X ◦ 1X ⊗ BX,Y ) ⊗ 1Y )
= (1Y ⊗ BY,X ⊗ 1X) ◦ (1Y ⊗ BX,Y ⊗ 1X) ◦ (1Y ⊗ 1X ⊗ BX,Y ) ◦ (BX,Y ⊗ 1X ⊗ 1Y ) ◦ (1X ⊗ BX,Y ⊗ 1Y )
= (BX,Y ⊗ BX,Y ) ◦ (1X ⊗ BX,Y ⊗ 1Y ).

– for every object X in C, λX and ρX are deterministic: by Lemma 3.6, we can prove that λ−1
X and

ρ−1
X . By counitality (10) of the objects in C,

λ−1
X = (delX ⊗ 1X) ◦ copyX ,

ρ−1
X = (1X ⊗ delX) ◦ copyX ,

And we have,

copyX

•

• =
copyX = • =

• •

• •

• =

• •

• •

•

,

where the first and third equalities hold by counitality (12), and the fourth by (24). So we have that
λ−1

X is deterministic, and similarly for ρ−1
X .

– for every triple of objects X,Y,Z in C, the associator aX,Y,Z : (X ⊗ Y) ⊗ Z X ⊗ (Y ⊗ Z)� is
deterministic. We will detail the commutativity of the diagram introduced by T. Fritz in [2] 10.12.
The diagram

(X ⊗ Y) ⊗ Z ((X ⊗ Y) ⊗ Z) ⊗ ((X ⊗ Y) ⊗ Z)

(X ⊗ Y) ⊗ Z ((X ⊗ Y) ⊗ (X ⊗ Y)) ⊗ Z ((X ⊗ Y) ⊗ (X ⊗ Y)) ⊗ (Z ⊗ Z),

copy(X⊗Y)⊗Z

gr(X⊗Y)⊗Z

copyX⊗Y⊗1 1⊗copyZ

commutes by (15). The diagram

(X ⊗ Y) ⊗ Z ((X ⊗ Y) ⊗ (X ⊗ Y)) ⊗ Z

(X ⊗ Y) ⊗ Z (X ⊗ (Y ⊗ Y)) ⊗ Z ((X ⊗ X) ⊗ (Y ⊗ Y)) ⊗ Z,

copyX⊗Y⊗1

grX,Y⊗1

(1⊗copyY )⊗1 (copyX⊗1)⊗1
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commutes by (15) and by the fact that (copyX ⊗ 1Y⊗Y ) ◦ (1X ⊗ copyY ) = copyX ⊗ copyY = (1X⊗X ⊗

copyY ) ◦ (copyX ⊗ 1Y ) by functoriality of − ⊗ −. The diagram

((X ⊗ Y) ⊗ (X ⊗ Y)) ⊗ Z ((X ⊗ Y) ⊗ (X ⊗ Y)) ⊗ (Z ⊗ Z)

((X ⊗ X) ⊗ (Y ⊗ Y)) ⊗ Z ((X ⊗ X) ⊗ (Y ⊗ Y)) ⊗ (Z ⊗ Z),

1⊗copyZ

grX,Y⊗1 grX,Y⊗1

1⊗copyZ

commutes by functoriality of − ⊗ −. The following three diagrams commute by naturality of the
associator.

(X ⊗ Y) ⊗ Z (X ⊗ (Y ⊗ Y)) ⊗ Z

X ⊗ (Y ⊗ Z) X ⊗ ((Y ⊗ Y) ⊗ Z),

1⊗copyY )⊗1

aX,Y,Z � aX,Y⊗Y,Z�

1⊗(copyY⊗1Y )

(X ⊗ (Y ⊗ Y)) ⊗ Z ((X ⊗ X) ⊗ (Y ⊗ Y)) ⊗ Z

X ⊗ ((Y ⊗ Y) ⊗ Z) (X ⊗ X) ⊗ ((Y ⊗ Y) ⊗ Z),

(copyX⊗1)⊗1

aX,Y⊗Y,Z � a(X⊗X,(Y⊗Y),Z�

copyX⊗1

((X ⊗ X) ⊗ (Y ⊗ Y)) ⊗ Z ((X ⊗ X) ⊗ (Y ⊗ Y)) ⊗ (Z ⊗ Z)

(X ⊗ X) ⊗ ((Y ⊗ Y) ⊗ Z) (X ⊗ X) ⊗ ((Y ⊗ Y) ⊗ (Z ⊗ Z)).

1⊗copyZ

aX⊗X,(Y⊗Y),Z � aX⊗X,Y⊗Y,Z⊗Z�

1⊗(1⊗copyZ )

The diagram

X ⊗ ((Y ⊗ Y) ⊗ Z) (X ⊗ X) ⊗ ((Y ⊗ Y) ⊗ Z) (X ⊗ X) ⊗ ((Y ⊗ Y) ⊗ (Z ⊗ Z))

X ⊗ ((Y ⊗ Y) ⊗ Z) X ⊗ ((Y ⊗ Y) ⊗ (Z ⊗ Z)) (X ⊗ X) ⊗ ((Y ⊗ Y) ⊗ (Z ⊗ Z)),

copyX⊗1 1⊗(1⊗copyZ )

1⊗(1⊗copyZ ) copyX⊗1

commutes by functoriality of − ⊗ −. The diagram

X ⊗ (Y ⊗ Z) X ⊗ ((Y ⊗ Y) ⊗ Z) X ⊗ ((Y ⊗ Y) ⊗ (Z ⊗ Z))

X ⊗ (Y ⊗ Z) X ⊗ ((Y ⊗ Z) ⊗ (Y ⊗ Z)),

1⊗(copyY⊗1) 1⊗(1⊗copyZ )

1⊗gr−1
Y,Z

1⊗copyY⊗Z

commutes by (15). The diagram

X ⊗ ((Y ⊗ Y) ⊗ (Z ⊗ Z)) (X ⊗ X) ⊗ ((Y ⊗ Y) ⊗ (Z ⊗ Z))

X ⊗ ((Y ⊗ Z) ⊗ (Y ⊗ Z)) (X ⊗ X) ⊗ ((Y ⊗ Z) ⊗ (Y ⊗ Z)),

1⊗gr−1
Y,Z

copyX⊗1

1⊗gr−1
Y,Z

copyX⊗1

commutes by functoriality of − ⊗ −. The diagram

X ⊗ (Y ⊗ Z) X ⊗ ((Y ⊗ Z) ⊗ (Y ⊗ Z)) (X ⊗ X) ⊗ ((Y ⊗ Z) ⊗ (Y ⊗ Z))

X ⊗ (Y ⊗ Z) (X ⊗ (Y ⊗ Z)) ⊗ (X ⊗ (Y ⊗ Z)),

1⊗copyY,Z copyX⊗1

grX,Y⊗Z

copyX⊗(Y⊗Z)

commutes by (15) and functoriality of −⊗−. Putting all the diagrams above together, we have that
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the following big diagram commutes, writting ”;” instead of ”⊗” for brevity,

(X; Y); Z ((X; Y); Z); ((X; Y); Z)

(X; Y); Z ((X; Y); (X; Y)); Z ((X; Y); (X; Y)); (Z; Z)

(X; Y); Z (X; (Y; Y)); Z ((X; X); (Y; Y)); Z ((X; X); (Y; Y)); (Z; Z)

X; (Y; Z) X; ((Y; Y); Z) (X; X); ((Y; Y); Z) (X; X); ((Y; Y); (Z; Z))

X; (Y; Z) X; ((Y; Y); Z) X; ((Y; Y); (Z; Z)) (X; X); ((Y; Y); (Z; Z))

X; (Y; Z) X; ((Y; Z); (Y; Z)) (X; X); ((Y; Z); (Y; Z))

X; (Y; Z) (X; (Y; Z)); (X; (Y; Z)).

copy(X;Y);Z

gr(X;Y);Z

copyX;Y ;1 1;copyZ

grX,Y ;1

(1;copyY );1

aX,Y,Z �

(copyX ;1);1

aX,(Y;Y),Z�

1;copyZ

a(X;X),(Y;Y),Z� a(X;X),(Y;Y),(Z;Z)�

1;(copyY ;1) copyX ;1 1;(1;copyZ )

1;(copyY ;1) 1;(1;copyZ ) copyX ;1

1;gr−1
Y,Z 1;gr−1

Y,Z

1;copyY,Z copyX ;1

grX,Y;Z

copyX;(Y;Z)

The left vertical composition is exactly equal to aX,Y,Z : (X⊗Y)⊗Z → X⊗(Y⊗Z). And by Theorem
2.3, the right vertical composition morphism is aX,Y,Z ⊗ aX,Y,Z : ((X ⊗ Y) ⊗ Z) ⊗ ((X ⊗ Y) ⊗ Z) →
(X ⊗ (Y ⊗ Z)) ⊗ (X ⊗ (Y ⊗ Z)), i.e.

aX,Y,Z ⊗ aX,Y,Z = grX,Y⊗Z ◦ (1X⊗X ⊗ gr−1
Y,Z) ◦ aX⊗X,Y⊗Y,Z⊗Z ◦ (grX,Y ⊗ 1Z⊗Z) ◦ gr(X⊗Y)⊗Z ,

so that
(X ⊗ Y) ⊗ Z ((X ⊗ Y) ⊗ Z) ⊗ ((X ⊗ Y) ⊗ Z)

⟲

X ⊗ (Y ⊗ Z) (X ⊗ (Y ⊗ Z)) ⊗ (X ⊗ (Y ⊗ Z)),

aX,Y,Z

copy(X⊗Y);Z

aX,Y,Z⊗aX,Y,Z

copyX⊗(Y⊗Z)

which means that aX,Y,Z is deterministic.

□

Since all Markov categories contains a subcategory of deterministic morphisms, this gives an idea of an-
other way of constructing Markov categories, i.e., defining the determinisms and then expanding the category
to non-deterministic morphisms. For example, the subcategory of deterministic morphisms of FinStoch is
FinSet.

3.2 The 2-category of Markov categories
We are now interested in how to define functors between Markov categories, preserving the structure. And
then we can construct a category out of it, that we will call Markov.

Definition 3.9. [2, 10.14] The collection of Markov categories makes up a 2-category Markov, where:

• objects are Markov categories;

• 1-morphisms F : C → D are Markov functors, by which we mean strong symmetric monoidal functors
which preserves the comonoids in the sense that the diagram

FX

FX ⊗ FX F(X ⊗ X),

copyFX F(copyX )

�

∇X,X

commutes for every X ∈ C, where the horizontal arrow is the relevant structure morphism of F. Functors
that satisfy this property are called comonoid functors;
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• 2-morphisms t : F ⇒ G for F,G : C → D are monoidal natural transformations with deterministic
components, i.e., for every X in C, tX : F(X)→ G(X) is deterministic, and for every X1, X2 in C,

F(X1) ⊗ F(X2) G(X1) ⊗G(X2)

F(X1 ⊗ X2) G(X1 ⊗ X2),

tX1⊗tX2

∇FX1 ,X2
∇GX1 ,X2

tX1⊗X2

commutes.

• A comonoid functor F : C → D is a comonoid equivalence if there exists a comonoid functor G : D →
C and isomorphic 2-morphisms i : IdD � GF and j : IdD � FG.

There is a necessary and sufficient condition for a functor to be a comonoid equivalence, which simplify
their construction and the verifications.

Proposition 3.10. [2, 10.16]. A Markov functor F : C → D is a comonoid equivalence if and only if it is an
equivalence of categories, and for every object Y ∈ D there is X ∈ C and a morphism i : Y FX� which
is deterministic, meaning that the diagram

Y FX

Y ⊗ Y FX ⊗ FX,

i
�

copyY copyFX

�

i⊗i

commutes.

Proof. Suppose that F is a comonoid equivalence. There exists a comonoid functor G : D → C and a
2-isomorphism in Markov i : IdD � GF so that for every Y in D, we can take X := GY and since i has
deterministic components, the following diagram commutes,

Y FGY

Y ⊗ Y FGY ⊗ FGY.

iY
�

copyY copyFGY

�

iY⊗iY

Conversely, suppose that F is an equivalence of categories and that for every object Y inD, there is X in C
and an isomorphism

iY : Y FX,� (25)

which is deterministic. There exists H : D → C being right adjoint to F via the natural isomorphisms

η : 1C � HF,

ϵ : FH � 1D.

We can construct a functor G : D → C, defined as follows.

• On objects, for all Y inD, let G(Y) := X, with X the object in (25).

• On morphisms, for all f : Y1 → Y2 inD, let G( f ) : X1 → X2 be defined by the composition

X1 HF(X1) H(Y1) H(Y2) HF(X2) X2,
ηX1

H(i−1
Y1

) H( f ) H(iY2 ) η−1
X2

where i−1
Y : FX → Y is the inverse of iY . Then G is a functor since for all Y in D, let X := G(Y) the

corresponding object in C,
G(1Y ) = η−1

X ◦ H(iY ) ◦ H(1Y ) ◦ H(i−1
Y ) ◦ ηX

= η−1
X ◦ H(iY ◦ 1Y ◦ i−1

Y ) ◦ ηX

= η−1
X ◦ 1H(FX) ◦ ηX

= 1X = 1G(Y),
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by functoriality of H, and for all morphisms f : Y1 → Y2 and g : Y2 → Y3 inD, let X1 := G(Y1), X2 := G(Y2),
X3 := G(Y3) the corresponding objects in C,

G(g) ◦G( f ) =η−1
X3
◦ H(iY3 ) ◦ H(g) ◦ H(i−1

Y2
) ◦ ηX2 ◦ η

−1
X2
◦ H(iY2 ) ◦ H( f ) ◦ H(i−1

Y1
) ◦ ηX1

=η−1
X3
◦ H(iY3 ) ◦ H(g ◦ f ) ◦ H(i−1

Y1
) ◦ ηX1 ,

again by functoriality of H.
We now shox that F and G form an equivalence. We show that the morphisms iY define a natural isomor-

phism i : 1D ⇒ FG, i.e., for every morphism f : Y1 → Y2 in D, with X1 := G(Y1) and X2 := G(Y2), we want
to show that the following diagram commutes,

Y1 F(X1) = FG(Y1) FHF(X1) FH(Y1)

⟲

Y2 F(X2) = FG(Y2) FHF(X2) FH(Y2).

iY1

f

F(ηX1 )

FG( f )

FH(i−1
Y1

)

FH( f )

iY2

F(η−1
X2

) FH(iY2 )

By naturality of η and functoriality of F, the following diagram commutes,

F(X1) FHF(X1)

F(X2) FHF(X2).

F(ηX1 )

i−1
Y1
◦ f◦iY2 FH(i−1

Y1
◦ f◦iY2 )

F(η−1
X2

)

By functoriality of F and H, the following diagram commutes,

FHF(X1) FH(Y1)

FHF(X2) FH(Y2).

FH(i−1
Y1

)

FH(i−1
Y1
◦ f◦iY2 ) FH( f )

FH(iY2 )

Putting the diagrams above together, we have that the following big diagram commutes,

Y1 F(X1) FHF(X1) FH(Y1)

Y2 F(X2) FHF(X2) FH(Y2),

iY1

f

F(ηX1 )

i−1
Y1
◦ f◦iY2

FH(i−1
Y1

)

FH(i−1
Y1
◦ f◦iY2 ) FH( f )

iY2 F(η−1
X2

) FH(iY2 )

establishing naturality of i.
Now we need to define a natural isomorphim j : 1C ⇒ GF inducing with i−1 : FG ⇒ 1D an adjunction on

the pair F : C → D, G : D → C. Define j : 1C ⇒ GF on X in C by the composition

X HFX HFGFX GFX
ηX H(iFX ) η−1

GFX

this defines a natural isomorphism, since all the morphisms involved are natural ismorphisms. The triangular
equalities are satisfied. By naturality of ϵ and the triangle equalities of the pair η, ϵ, the following diagram
commutes,

FX FHFX FHFGFX FGFX

FX FGFX FX,

F(ηX )

F( jX )

FH(iFX )

ϵFX

F(η−1
GFX )

ϵFGFX i−1
FX

iFX i−1
FX
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establishing the first triangle equality. By definition of G, G(iY ) is the composition

GY HFGY GY HFGY HFGFGY GFGY,
ηGY H(i−1

Y ) H(iY ) H(iFGY ) η−1
GFGY

and by definition of j, jGY is the composition

GY HFGY HFGFGY GFGY,
ηGY H(iFGY ) η−1

GFGY

so that jGY = G(iY ) and the following diagram commutes,

GY GFGY

GY,

jGY

G(i−1
Y )

establishing the second triangle equality.
We now show that i : 1D ⇒ FG and j : 1C ⇒ GF are 2-isomorphisms in the category Markov. By

assumption, i has deterministic components. We need to prove that it is a monoidal natural transformation. We
did not define the isomorphism ∇GY1 ,Y2

: G(Y1) ⊗ G(Y2) → G(Y1 ⊗ Y2), so we will define it and show that it
makes the following diagram commute,

Y1 ⊗ Y2 FG(Y1) ⊗ FG(Y2)

F(G(Y1) ⊗G(Y2))

Y1 ⊗ Y2 FG(Y1 ⊗ Y2).

iY1⊗iY2

∇FG(Y1),G(Y2)

F∇GY1 ,Y2

iY1⊗Y2

For all couples of objects Y1, Y2 inD, ∇GY1 ,Y2
: G(Y1) ⊗G(Y2)→ G(Y1 ⊗ Y2) is defined by the composition

G(Y1) ⊗G(Y2) GF(G(Y1) ⊗G(Y2)) G(FG(Y1) ⊗ FG(Y2))

G(Y1 ⊗ Y2) GFG(Y1 ⊗ Y2) G(Y1 ⊗ Y2).

∇GY1 ,Y2

jG(Y1)⊗G(Y2)
G(∇−1

FG(Y1),G(Y2)
)

G(i−1
Y1
⊗i−1

Y2
)

j−1
G(Y1⊗Y2) G(iY1⊗Y2 )

This defines a natural isomorphism by composition of natural isomorphisms. Moreover, the following diagram
commutes, using twice the triangle equalities and three times naturality of i:

Y1 ⊗ Y2 FG(Y1) ⊗ FG(Y2) F(G(Y1) ⊗G(Y2))

FG(Y1 ⊗ Y2) ⟲ ⟲

⟲ FGF(G(Y1) ⊗G(Y2))

FGFG(Y1 ⊗ Y2) FG(Y1 ⊗ Y2) FG(FG(Y1) ⊗ FG(Y2)),

iY1⊗iY2

iY1⊗Y2

iY1⊗Y2

∇FG(Y1),G(Y2)

iFGY1⊗FGY2

F( jG(Y1)⊗G(Y2))iF(GY1⊗GY2)=

FG(∇−1
FG(Y1),G(Y2)

)

F( j−1
G(Y1⊗Y2))= i−1

FG(Y1⊗Y2)

FG(iY1⊗Y2 ) FG(i−1
Y1
⊗i−1

Y2
)

making the following diagram commute, by definition of ∇G,

Y1 ⊗ Y2 FG(Y1) ⊗ FG(Y2)

F(G(Y1) ⊗G(Y2)) FGF(G(Y1) ⊗G(Y2)) FG(FG(Y1) ⊗ FG(Y2))

Y1 ⊗ Y2 FG(Y1 ⊗ Y2) FGFG(Y1 ⊗ Y2) FG(Y1 ⊗ Y2),

iY1⊗iY2

∇FG(Y1),G(Y2)

F∇GY1 ,Y2

F( jG(Y1)⊗G(Y2)) FG(∇−1
FG(Y1),G(Y2)

)

FG(i−1
Y1
⊗i−1

Y2
)

iY1⊗Y2 F( j−1
G(Y1⊗Y2)) FG(iY1⊗Y2 )
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establishing monoidality of i.
We need to prove that j is monoidal and has deterministic components. For every couple of objects X1, X2

in C, the following diagram commutes, by naturality of j for the upper diagram, by naturality of ∇F combined
with functoriality of G for the middle diagram and by triangle equality for the lower one:

X1 ⊗ X2 GF(X1) ⊗GF(X2)

GF(X1 ⊗ X2) GF(GFX1 ⊗GFX2)

G(FX1 ⊗ FX2) G(FGFX1 ⊗ FGFX2),

jX1⊗ jX2

jX1⊗X2 jGFX1⊗GFX2

GF( jX1⊗ jX2 )

G∇FX1 ,X2
G(F jX1⊗F jX2 )

G(iFX1⊗iFX2 )

G∇FGFX1 ,GFX2

and this gives the monoidality of j : 1C ⇒ GF, i.e., that the following diagram commutes, by definition of ∇G,

X1 ⊗ X2 GF(X1) ⊗GF(X2) GF(GFX1 ⊗GFX2)

G(F(X1) ⊗ F(X2)) G(FGFX1 ⊗ FGFX2)

X1 ⊗ X2 GF(X1 ⊗ X2).

jX1⊗ jX2

∇GF(X1),F(X2)

jGFX1 ,GFX2

G(∇−1
FGFX1 ,GFX2

)

G∇FX1 ,X2

G(i−1
FX1
⊗i−1

FX2
)

jX1⊗X2

The components of j are deterministic. For all X in C, the following diagram commutes,

FX FGFX

⟲

⟲ FX ⊗ FX FGFX ⊗ FGFX ⟲

⟲

F(X ⊗ X) F(GFX ⊗GFX),

F( jX )

iFX

F(copyX )

copyFX

F(copyGFX )

copyFGFX

∇FX,X

iFX⊗iFX

F( jX )⊗F( jX )

∇FGFX⊗GFX

F( jX⊗ jX )

by naturality of ∇F , by triangle equalities for i and j, and since i has deterministic components and F preserves
comonoids. By fully faithfulness of F, the following diagram commutes,

X GFX

X ⊗ X GFX ⊗GFX,

jX

copyX copyGFX

jX⊗ jX

this yields that jX is deterministic. We have proven that i and j are 2-isomorphisms in Markov.
We now show that G : D → C defined above is a 1-morphism in Markov. We can define a unit on G so

that it becomes a strong symmetric monoidal functor. If ξF : ID → F(IC) is the unit for F, we can define the
unit for G by its image on F since F is fully faithful,

F(ξG) : F(IC) ID FG(ID).
ξ−1

F iID (26)

Let us prove associativity of G. For every triple of objects Y1,Y2,Y3 inD, the following diagrams commute by
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naturality of ∇F

F((GY1 ⊗GY2) ⊗GY3)

⟲ F(GY1 ⊗GY2) ⊗ FGY3

F(G(Y1 ⊗ Y2) ⊗GY3)

FG(Y1 ⊗ Y2) ⊗ FGY3

F(∇GY1 ,Y2
⊗1GY3 )

∇FGY1⊗GY2 ,GY3

F∇GY1 ,Y2
⊗F1GY3

∇FG(Y1⊗Y2),GY3

,

F(GY1 ⊗ (GY2 ⊗GY3))

FGY1 ⊗ F(GX2 ⊗GY3) ⟲

F(G(Y1) ⊗G(Y2 ⊗ Y3))

FGY1 ⊗ FG(Y2 ⊗ Y3)

F(1GY1⊗∇GY2 ,Y3
)

∇FGY1 ,GY2⊗GY3

F1GY1⊗F∇GY2 ,Y3

∇FGY1 ,G(Y2⊗Y3)

.

Since F is monoidal, the following diagram commutes,

F((GY1 ⊗GY2) ⊗GY3) F(GY1 ⊗ (GY2 ⊗GY3))

F(GY1 ⊗GY2) ⊗ FGY3 FGY1 ⊗ F(GX2 ⊗GY3)

⟲

(FGY1 ⊗ FGY2) ⊗ FGY3 FGY1 ⊗ (FGY2 ⊗ FGY3).

F(αCGY1 ,GY2 ,GY3
)

∇FGY1⊗GY2 ,GY3
∇FGY1 ,GY2;GY3

∇FGY1 ,GY2
⊗1FGY3

αDFGY1 ,FGY2 ,FGY3

∇FGY1 ,GY2
⊗1FGY3

By monoidality of i, the following diagrams commute,

43



F(GY1 ⊗GY2) ⊗ FGY3

FG(Y1 ⊗ Y2) ⊗ FGY3

(FGY1 ⊗ FGY2) ⊗ FGY3

(Y1 ⊗ Y2) ⊗ Y3,

F∇GY1 ,Y2
⊗F1GY3

∇FGY1 ,GY2
⊗1FGY3

(iY1⊗iY2 )⊗iY3

iY1⊗Y2⊗iY3

FGY1 ⊗ F(GY2 ⊗GY3)

FGY1 ⊗ FG(Y2 ⊗ Y3)

FGY1 ⊗ (FGY2 ⊗ FGY3)

Y1 ⊗ (Y2 ⊗ Y3),

F1GY1⊗F∇GY2 ,Y3

1FGY1⊗∇FGY2 ,GY3

iY1⊗(iY2⊗iY3 )

iY1⊗iY2⊗Y3

F(G(Y1 ⊗ Y2) ⊗GY3)

FG(Y1 ⊗ Y2) ⊗ FGY3

(Y1 ⊗ Y2) ⊗ Y3

FG((Y1 ⊗ Y2) ⊗ Y3),

F∇GY1⊗Y2 ,Y3

∇FG(Y1⊗Y2),GY3

iY1⊗Y2⊗iY3

i(Y1⊗Y2)⊗Y3

F(G(Y1) ⊗G(Y2 ⊗ Y3))

FGY1 ⊗ FG(Y2 ⊗ Y3)

Y1 ⊗ (Y2 ⊗ Y3)

FG(Y1 ⊗ (Y2 ⊗ Y3)).

F∇GY1 ,Y2⊗Y3

∇FGY1 ,G(Y2⊗Y3)

iY1⊗iY2⊗Y3

iY1⊗(Y2⊗Y3)

By naturality of α, the following diagram commutes,

(FGY1 ⊗ FGY2) ⊗ FGY3 FGY1 ⊗ (FGY2 ⊗ FGY3)

(Y1 ⊗ Y2) ⊗ Y3 Y1 ⊗ (Y2 ⊗ Y3).

αD

(iY1⊗iY2 )⊗iY3
αDY1 ,Y2 ,Y3

iY1⊗(iY2⊗iY3 )
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By naturality of i, the following diagram commutes,

(Y1 ⊗ Y2) ⊗ Y3 Y1 ⊗ (Y2 ⊗ Y3)

FG((Y1 ⊗ Y2) ⊗ Y3) FG(Y1 ⊗ (Y2 ⊗ Y3)).

i(X⊗Y)⊗Z

αDY1 ,Y2 ,Y3

iX⊗(Y⊗Z)

FG(αDY1 ,Y2 ,Y3
)

Putting these diagrams together, we have that the following big diagram commutes

F((GY1; GY2); GY3) F(GY1; (GY2; GY3))

F(GY1; GY2); FGY3 FGY1; F(GY2; GY3)

F(G(Y1; Y2); GY3) F(GY1; G(Y2; Y3))

FG(Y1; Y2); FGY3 FGY1; FG(Y2; Y3)

(FGY1; FGY2); FGY3 FGY1; (FGY2; FGY3)

(Y1; Y2); Y3 Y1; (Y2; Y3)

FG((Y1; Y2); Y3) FG(Y1; (Y2; Y3)),

F(αCGY1 ,GY2 ,GY3
)

F(∇GY1 ,Y2
;1GY3 ) F(1GY1 ;∇GY2 ,Y3

)
∇FGY1;GY2 ,GY3

F∇GY1 ,Y2
;F1GY3

∇FGY1 ,GY2;GY3

F1GY1 ;F∇GY2 ,Y3

F∇GY1;Y2 ,Y3
F∇GY1 ,Y2;Y3

∇FG(Y1;Y2),GY3
∇FGY1 ,G(Y2;Y3)∇F ;1

αD

1;∇F

(iY1 ;iY2 );iY3

iY1;Y2 ;iY3

i(Y1;Y2);Y3

αDY1 ,Y2 ,Y3

iY1 ;(iY2 ;iY3 )

iY1 ;iY2;Y3

iY1;(Y2;Y3)

FG(αDY1 ,Y2 ,Y3
)

where we write ”;” instead of ⊗ for simplicity, which yields associativity of G since F is faithful.
Let us now prove the unitality of G. Again, it is enough to look at the image under F by faithfulness of F.

For every Y inD, we want the following diagrams to commute:

F(IC ⊗GY) F(GID ⊗GY)

FGY FG(ID ⊗ Y),

F(ξG⊗1GY )

F(λCGY ) F∇GID ,Y

FG(λDY )

F(GY ⊗ IC) F(GY ⊗GID)

FGY FG(Y ⊗ ID).

F(1GY⊗ξG)

F(ρCGY ) F∇GY,ID

FG(ρDY )

Since ∇F is natural, we have that the following diagrams commute,

F(IC ⊗GY) F(GID ⊗GY)

F(IC) ⊗ FGY FGID ⊗ FGY,

F(ξG⊗1GY )

F(ξG)⊗1FGY
∇FIC ,GY

∇FGID ,GY

F(GY ⊗ IC) F(GY ⊗GID)

FGY ⊗ F(IC) FGY ⊗ FGID.

F(1GY⊗ξG)

1FGY⊗F(ξG)
∇FGY,IC

∇FGY,GID

Since F is monoidal, the following diagrams commute,
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F(IC ⊗GY)

F(IC) ⊗ FGY,

ID; FGY

FGY

F(λCGY )

∇FIC ,GY

ξF⊗1FGY

λDFGY

F(GY ⊗ IC)

FGY ⊗ F(IC)

FGY ⊗ ID.

FGY

F(ρCGY )

∇FGY,IC

1FGY⊗ξF

ρDFGY

By defintion of ξG in (26), the following diagrams commute,

F(IC) ⊗ FGY FGID ⊗ FGY

ID ⊗ FGY,

F(ξG)⊗1FGY

ξF⊗1FGY
iID⊗1FGY

FGY ⊗ F(IC) FGY ⊗ FGID

FGY ⊗ ID.

1FGY⊗F(ξG)

1FGY⊗ξF
1FGY⊗iID

By naturality of λ, the following diagrams commute,

ID ⊗ FGY

Y ID ⊗ Y,

FGY

λDFGY

iY

1ID⊗iY

λDY

FGY ⊗ ID

Y Y ⊗ ID.

FGY

ρDFGY

iY

iY⊗1ID

ρDY

By monoidality of i, the following diagrams commute,

F(GID ⊗GY)

FGID ⊗ FGY

ID ⊗ Y

FG(ID ⊗ Y),

F∇GID ,Y

∇FGID ,GY

iID⊗iY

iID⊗Y

F(GY ⊗GID)

FGY ⊗ FGID

Y ⊗ ID

FG(Y ⊗ ID).

F∇GY,ID

∇FGY,GID

iiY⊗ID

iY⊗ID

By naturality of i, the following diagrams commute,

Y ID ⊗ Y

FGY FG(ID ⊗ Y),
iY

λDY iID⊗Y

FG(λDY )

Y Y ⊗ ID

FGY FG(Y ⊗ ID).
iY

ρDY iY⊗ID

FG(ρDY )
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Putting these diagrams all together, we have that the following two big diagrams commute,

F(IC; GY) F(GID; GY)

F(IC); FGY FGID; FGY

ID; FGY

Y ID; Y

FGY FG(ID; Y),

F(ξG ;1GY )

F(λCGY ) F∇GID ,Y

F(ξG);1FGY
∇FIC ,GY

∇FGID ,GY

ξF ;1FGY
iID ;1FGY

λDFGY

iY

1ID ;iY

iID ;iY

λDY iID ;Y

FG(λDY )

F(GY; IC) F(GY; GID)

FGY; F(IC) FGY; FGID

FGY; ID

Y Y; ID

FGY FG(Y; ID).

F(1GY ;ξG)

F(ρCGY ) F∇GY,ID

1FGY ;F(ξG)
∇FGY,IC

∇FGY,GID

1FGY ;ξF
1FGY ;iID

ρDFGY

iY

iY ;1ID

iiY ;ID

ρDY iY;ID

FG(ρDY )

where we write ”;” instead of ⊗ for simplicity, which yields unitality of G.
For G to be a symmetric monoidal functor, we still need to prove that for every couple of objects Y1, Y2 in

D, the diagram

GY1 ⊗GY2 GY2 ⊗GY1

G(Y1 ⊗ Y2) G(Y2 ⊗ Y1)

BCGY1 ,GY2

∇GY1 ,Y2
∇GY2 ,Y1

GBDY1 ,Y2

commutes. Again, this is enough to prove this for the image under F. Note that the following big diagram
commutes,

F(GY1 ⊗GY2) F(GY2 ⊗GY1)

⟲

FGY1 ⊗ FGY2 FGY2 ⊗ FGY1

⟲ ⟲ ⟲

Y1 ⊗ Y2 Y2 ⊗ Y1

⟲

FG(Y1 ⊗ Y2) FG(Y2 ⊗ Y1).

FBCGY1 ,GY2

F∇GY1 ,Y2
F∇GY2 ,Y1

∇FGY1 ,GY2

BDFGY1 ,FGY2

∇FGY2 ,GY1

iY1⊗iY2

BDY1 ,Y2

iY1⊗Y2

iY2⊗iY1

iY2⊗Y1

FGBDY1 ,Y2
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Since the upper diagram commutes by naturality of ∇F , the middle one by naturality of the braiding BD, the
lower one by naturality of i, and the vertical compositions are equal to F∇G by monoidality of i. This yields
that G is a strong symmetric monoidal functor.

We still need to prove that G preserves comonoids, i.e., that for all objects Y inD, the diagram

GY

GY ⊗GY G(Y ⊗ Y),

copyGY G(copyY )

∇GY,Y

commutes. We will prove it for the image under F. Since i is natural and monoidal, with deterministic
components, the following diagram commutes,

FGY FG(Y ⊗ Y)

Y

Y ⊗ Y

FGY ⊗ FGY F(GY ⊗GY),

FG(copyY )

copyFGY

iY

copyY

iY⊗Y

iY⊗iY

∇FGY,GY

F∇GY,Y

and the diagram
FGY

FGY ⊗ FGY

F(GY ⊗GY) FG(Y ⊗ Y),

F(copyGY ) FG(copyY )
copyFGY

∇FGY,GY

F∇GY,Y

commutes since F preserves comonoids for the left hand side of the diagram, and the right hand side is exactly
the diagram above. This yields that G is a 1-morphism in Markov. We have then proven that F : C → D is a
comonoid equivalence.

□

3.3 Conditionals
In statistics, we often use what is called conditional statistics. If we have a joint probability p(x, y|a), we can
find conditional probabilities p(x|a, y) and p(y|a, x), i.e., if we know the probability of x and y together, we
can compute the probability of x knowing y and the probability of y knowing x. In a Markov category, it is
not evident that we can compute such conditionals. In this section, we will give a categorical definition of
conditionals, by T. Fritz, and then see what it means in our examples.

Definition 3.11. [2, 11.5]. Let C be a Markov category. We say that C has conditionals if for every morphism
f : A→ X ⊗ Y , there is f X : X ⊗ A→ Y such that

A

f

X Y

=

A

•

f

•
•

f X

X Y

, (27)
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i.e.,

A X ⊗ Y

A ⊗ A

X ⊗ Y ⊗ A X ⊗ X ⊗ A,

X ⊗ I ⊗ A X ⊗ A

f

copyA

f⊗1A

1X⊗delY⊗1A

1X⊗ f X

ρX⊗1A

copyX⊗1A

commutes.

Example 3.12. FinStoch has conditionals. For all morphisms f : A→ X × Y in FinStoch, let gx,a : Y → [0, 1]
be such that ∑

y∈Y

gx,a(y) = 1.

for all x ∈ X, a ∈ A. Then define f X : X × A→ Y by the usual notion of conditionals in statistics.

f X(y|x, a) =

 f (x,y|a)∑
y1∈Y

f (x,y1 |a) , if
∑

y1∈Y f (x, y1|a) > 0,
gx,a(y), if

∑
y1∈Y f (x, y1|a) = 0,

for all a in A, x in X and y in Y . We prove that f X : X × A→ Y satisfies (27). For all x in X, y in Y and a in A,
the right side of (27) becomes in FinStoch

(1X ⊗ f X) ◦ (copyX ⊗ 1A) ◦ (ρX ⊗ 1A) ◦ (1X ⊗ delY ⊗ 1A) ◦ ( f ⊗ 1A) ◦ copyA(x, y|a)
=(1X ⊗ f X) ◦ (copyX ◦ ρX ◦ (1X ⊗ delY ) ◦ f ) ⊗ 1A) ◦ copyA(x, y|a)
=(1X ⊗ f X) ◦ (copyX ◦ ρX ◦ (1X ⊗ delY ) ◦ f ) ⊗ 1A)(x, y|a, a)

=
∑
x1∈X,
x2∈X,
a1∈A

(1X ⊗ f X)(x, y|x1, x2, a1) · (copyX ◦ ρX ◦ (1X ⊗ delY ) ◦ f ) ⊗ 1A)(x, y|a, a)

=
∑
x1∈X,
x2∈X,
a1∈A

δx,x1 · f X(y|x2, a1)
∑
x3∈X,

(x4,0)∈X×I,
(x5,y1)∈X×Y,

copyX(x1, x2|x3) · ρX(x3|x4, 0) · δx4,x5 · delY (0|y1) · f (x5, y1|a) · δa1,a

=
∑
x2∈X

f X(y|x2, a)
∑
x3∈X,

(x5,y1)∈X×Y,

δx,x2,x3 · δx3,x5 · f (x5, y1|a)

= f X(y|x, a)
∑
y1∈Y

f (x, y1|a).

(28)

If
∑

y1∈Y f (x, y1|a) > 0,

f X(y|x, a)
∑
y1∈Y

f (x, y1|a) =
f (x, y|a)∑

y1∈Y f (x, y1|a)

∑
y1∈Y

f (x, y1|a) = f (x, y|a),

and if
∑

y1∈Y f (x, y1|a) = 0,
f X(y|x, a)

∑
y1∈Y

f (x, y1|a) = 0 = f (x, y|a),

and f X : X × A→ Y satisfies (27), establishing that FinStoch has conditionals.
If f̃ : A → X × Y is a deterministic morphism in FinStoch, we show that we can define f̃ X : X × A → Y

such that it is a deterministic morphism. There exists f : A→ X × Y in Set such that for all a in A, x in X and
y in Y ,

f̃ (x, y|a) = δx, fX (a)δy, fY (a).

where fX and fY are the marginalisations of f on X and on Y , respectively. Let gx,a : Y → [0, 1] be defined as
follows.

gx,a(y) := δy, fY (a), for all y ∈ Y,
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since ∑
y∈Y

gx,a(y) = 1,

we can define f̃ X : X × A→ Y as follows. For all a in A, x in X and y in Y ,

f̃ X(y|x, a) =

 f (x,y|a)∑
y1∈Y

f (x,y1 |a) , if
∑

y1∈Y f (x, y1|a) > 0,
gx,a(y), if

∑
y1∈Y f (x, y1|a) = 0,

=

 δx, fX (a)δy, fY (a)∑
y1∈Y

δx, fX (a)δy1 , fY (a)
, if

∑
y1∈Y δx, fX (a)δy1, fY (a) > 0,

δy, fY (a), if
∑

y1∈Y δx, fX (a)δy1, fY (a) = 0.

For all a in A, x in X and y in Y ,

• if x = fX(a), there exists a unique y1 ∈ Y such that y1 = fY (a) and∑
y1∈Y

δx, fX (a) · δy1, fY (a) = 1,

so that

f̃ X(y|x, a) =
δx, fX (a) · δy, fY (a)∑

y1∈Y δx, fX (a) · δy1, fY (a)
= δy, fY (a).

• if x , fX(a), ∑
y1∈Y

δx, fX (a) · δy1, fY (a) = 0,

so that
f̃ X(y|x, a) = gx,a(y) = δy, fY (a).

We finally have
f̃ X(y|x, a) = δy, fY (a).

i.e., f̃ X : X × A→ Y is deterministic. This comes from a more general statement, that we will see below.

Proposition 3.13. Let C be a Markov category. Then Cdet has conditionals.

Proof. For all morphism f : A→ X ⊗ Y in Cdet, we can define f X : X × A→ Y as follows.

f X := delX ⊗ ((delX ⊗ 1Y ) ◦ f ) = delX ⊗ fY , (29)

with fY := (delX ⊗ 1Y ) ◦ f the marginalisation of f on Y .
We show that f X satisfies (27) and that it is a deterministic morphism.

A

•

f

•
•

f X

X Y

=

A

•

f

•
•

•

f

•
X Y

=

A

f

• •

X Y• •

=

A

f

X Y

,

where the first equality holds by definition (29), the second by determinism of f and the third by counitality
(12). This establishes (27), and f X : X × A→ Y is deterministic since

AX

• •

f X f X

Y Y

=

AX

• •

f f

• •

Y
•

Y
•

=

X

•

A

f

• •

• •
Y Y

=

X

•

A

f

• •

Y Y

=

X A

f

•

Y Y

,
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where the first and last equalities hold by definition of f X (29), the second by counitality (12) and determinism
of f , and the third by counitality (12). This proves that Cdet has conditionals. □

Example 3.14. Since Set is the category of deterministic morphisms of FinStoch, it has conditionals.

We want to see in what extend categories with conditionals are preserved. We will analyse the case of the
category of functors between an arbitrary category, and a Markov category with conditionals. We will first
see that it is a Markov category, and then explain the open problem whether the category of functors have
conditionals or not.

Let C be a Markov category and D a small category. Then we will write Fun(D,C) for the category
of functors between D and C, with morphisms the natural transformations between those functors. We use
notation X = (Xd)d∈D for such functors.

Lemma 3.15. Let C be a Markov category, D a small category and a functor F : Cn → C, with n in N. Let
F̃ : Fun(D,C)n → Fun(D,C) be defined by the composition,

Fun(D,C)n Fun(Dn,Cn) Fun(D,Cn) Fun(D,C),Φ Ψ F∗

where Φ, Ψ and F∗ are defined as follows.

• – For all objects X = (Xi)0<i≤n in Fun(D,C)n,

Φ((Xi)0<i≤n) : Dn Cn,

(di)0<i≤n (Xi(di))0<i≤n.

– For all sets of natural transformations τ = (τi)0<i≤n : X = (Xi)0<i≤n → Y = (Yi)0<i≤n with τi : Xi →

Y i, morphism in Fun(D,C)n,

Φ(τ) : Φ((Xi)0<i≤n) Φ((Y i)0<i≤n),

Φ(τ)(di)0<i≤n := (τi
di

)0<i≤n : (Xi(di))0<i≤n (Y i(di))0<i≤n,

for all (di)0<i≤n inDn.

• – For all objects G : Dn → Cn in Fun(Dn,Cn),

Ψ(G) := G ◦ ∆(n),

where ∆(n) : D → Dn is the iterated diagonal, i.e., ∆(n)(d) = (di = d)0<i≤n for all objects d inD.

– For all morphisms σ : G ⇒ H in Fun(Dn,Cn),

Ψ(σ) := σ ∗ ∆(n),

i.e., for all d inD,
(Ψ(σ)i

d)0<i≤n := (σi
d)0<i≤n.

• F∗ is the postcomposition functor with F.

then F̃ : Fun(D,C)n → Fun(D,C) is a functor.
If, moreover, there exists a second functor G : Cn → C and a natural transformation σ : F ⇒ G,

define Σ : F̃ ⇒ G̃ as follows. For all object X = (Xi)0<i≤n in Fun(D,C)n, the natural transformations
ΣX : F̃(X)⇒ G̃(X) are defined pointwise by

(ΣX)d := σXd ,

then Σ : F̃ ⇒ G̃ is a natural transformation.

Proof. • We show that F̃ is a functor.
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– We show that Φ is a functor. For all objects X = (Xi)0<i≤n in Fun(D,C)n, for all (di)0<i≤n inDn,

Φ(IdX)(di)0<i≤n = (IdXi(di))0<i≤n,

and Φ(IdX) = IdΦX . Now for all couples of sets of natural transformations τ1 = (τi
1)0<i≤n : X =

(Xi)0<i≤n → Y = (Yi)0<i≤n, τ2 = (τi
2)0<i≤n : Y = (Y i)0<i≤n → Z = (Zi)0<i≤n with τi

1 : Xi → Y i and
τi

2 : Y i → Zi, morphisms in Fun(D,C)n, for all (di)0<i≤n inDn,

Φ(τ2 ◦ τ1)(di)0<i≤n = ((τ2 ◦ τ1)i
di

)0<i≤n = ((τi
2)di ◦ (τi

1)di )0<i≤n = (Φ(τ2) ◦ Φ(τ1))(di)0<i≤n ,

this proves that Φ is a functor.

– We show that Ψ is a functor. For all object G : Dn → Cn, for all d inD,

(Ψ(IdG))d = (IdG ∗ ∆
(n))d = (IdG(d))0≤i≤n,

and Ψ(IdG) = IdΨ(G). Now for all couples of natural transformations σ1 : G ⇒ H, σ1 : H ⇒ E,
morphisms in Fun(Dn,Cn),

Ψ(σ2 ◦ σ1) = (σ2 ◦ σ1) ∗ ∆(n) = (σ2 ∗ ∆
(n)) ◦ (σ1 ∗ ∆

(n)) = Ψ(σ2) ◦ Ψ(σ1),

this proves that Ψ is a functor.

– We prove that F∗ is a functor. For all objects G : D → Cn in Fun(D,Cn), for all objects d inD,

(F∗(IdG))d = F(IdG(d)) = IdF◦G(d),

by functoriality of F, and so F∗(IdG) = IdF∗(G). Now for all couples of natural transformations
η1 : G ⇒ H, η1 : H ⇒ E, morphisms in Fun(D,Cn), and for all d inD,

(F∗(η2 ◦ η1)) = F((η2 ◦ η1)d) = F((η2)d ◦ (η1)d),

this proves that F∗ is a functor.

Since F̃ is the composition of three functors, it is a functor.

• We now show that Σ is a natural transformation. For all set of natural transformations τ = (τi)0<i≤n :
X = (Xi)0<i≤n → Y = (Yi)0<i≤n with τi : Xi → Y i, morphism in Fun(D,C)n,

F̃(X)(d) F̃(Y)(d)

G̃(X)(d) G̃(Y)(d),

σXd

F(τd)

σYd

G(τd)

commutes for all d inD by naturality of σ, which makes the following two diagrams commute,

F̃(X)(d) F̃(Y)(d)

G̃(X)(d) G̃(Y)(d),

(ΣX )d

F̃(τ)d

(ΣY )d

G̃(τ)d

F̃(X) F̃(Y)

G̃(X) G̃(Y),

ΣX

F̃(τ)

ΣY

G̃(τ)

and this establishes naturality of Σ.
□
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Proposition 3.16. [2, 7.1.]. Let C be a Markov category and D a small category. Then we can endow
Fun(D,C) with the structure of a Markov category. The tensor product will be defined as follows. For two
objects X, Y in Fun(D,C),

(X ⊗ Y)d := Xd ⊗C Yd, ∀d ∈ ObD,

and for two natural transformations τ : A⇒ X, σ : B⇒ Y, morphisms in Fun(D,C),

(τ ⊗ σ)d := τd ⊗C σd : (A ⊗ B)d → (X ⊗ Y)d.

The comultiplications will also be defined pointwise:

(copyX)d := copyCXd
,

for all d inD and the counits will be defined by:

(delX)d := delCXd
,

for all d inD

Proof. • We first show that Fun(D,C) is a monoidal category.

1. The tensor product defined in the statement is a bifunctor since we can apply the first part of Lemma
3.15 to the bifunctor − ⊗C −, which gives the definition of the tensor product in Fun(D,C) from
the statement of the Proposition.

2. The unit object is the constant functor I = (Id)d∈D, with Id = IC for all d inD.
3. For all triples of functors X,Y,Z : D → C, objects in Fun(D,C), we define aX,Y,Z : (X ⊗ Y) ⊗ Z ⇒

X ⊗ (Y ⊗ Z) pointwise:
(aX,Y,Z)d := aCXd ,Yd ,Zd

,

this defines a natural isomorphism a : (− ⊗ −) ⊗ − ⇒ − ⊗ (− ⊗ −) by Lemma 3.15.
4. For all functors X : C → D, object in Fun(D,C), we define the left and right unitors pointwise :

(λX)d := λCXd
,

(ρX)d := ρCXd
,

this defines natural isomorphisms λ : I ⊗ − ⇒ 1 and ρ : − ⊗ I ⇒ 1 by Lemma 3.15.
5. We show the pentagon identity in Fun(D,C). For all quadruples of functors W, X,Y,Z : D → C,

objects in Fun(D,C),

(Wd ⊗ Xd) ⊗ (Yd ⊗ Zd)

((Wd ⊗ Xd) ⊗ Yd) ⊗ Zd Wd ⊗ (Xd ⊗ (Yd ⊗ Zd))

(Wd ⊗ (Xd ⊗ Yd)) ⊗ Zd Wd ⊗ ((Xd ⊗ Yd) ⊗ Zd),

aCWd ,Xd ,Yd⊗Zd
aCW⊗X,Y,Z

aCWd ,Xd ,Yd
⊗1Zd

aCWd ,Xd⊗Yd ,Zd

1Wd⊗aCXd ,Yd ,Zd

commutes for all objects d inD sinceD is monoidal, making the two following diagram commute:

((W ⊗ X) ⊗ (Y ⊗ Z))d

(((W ⊗ X) ⊗ Y) ⊗ Z)d (W ⊗ (X ⊗ (Y ⊗ Z)))d

((W ⊗ (X ⊗ Y)) ⊗ Z)d (W ⊗ ((X ⊗ Y) ⊗ Z))d,

(aW,X,Y⊗Z )d(aW⊗X,Y,Z )d

(aW,X,Y⊗1Z )d

(aW,X⊗Y,Z )d

(1W⊗aX,Y,Z )d

(W ⊗ X) ⊗ (Y ⊗ Z)

((W ⊗ X) ⊗ Y) ⊗ Z W ⊗ (X ⊗ (Y ⊗ Z))

(W ⊗ (X ⊗ Y)) ⊗ Z W ⊗ ((X ⊗ Y) ⊗ Z),

aW,X,Y⊗ZaW⊗X,Y,Z

aW,X,Y⊗1Z

aW,X⊗Y,Z

1W⊗aX,Y,Z

establishing the pentagon identity.
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6. We show the triangle identity in Fun(D,C). For all functors X,Y : D → C, objects in Fun(D,C),

(Xd ⊗C IC) ⊗C Yd Xd ⊗C (IC ⊗C Yd),

Xd ⊗C Yd

aCXd ,Id ,Yd

ρCXd
⊗1Yd 1Xd⊗CλCYd

commutes for all object d inD since C is a monoidal category, making the two following diagrams
commute:

((X ⊗ I) ⊗ Y)d (X ⊗ (I ⊗ Y))d,

(X ⊗ Y)d

(aX,I,Y )d

(ρX⊗1Y )d
(1X⊗λY )d

(X ⊗ I) ⊗ Y X ⊗ (I ⊗ Y),

X ⊗ Y

aX,I,Y

ρX⊗1Y
1X⊗λY

establishing the triangle identity.

This makes Fun(D,C) into a monoidal category.

• We show that Fun(D,C) is symmetric. For all couples of functors X,Y : D → C, objects in Fun(D,C),
we define BX,Y : X ⊗ Y ⇒ Y ⊗ X pointwise:

(BX,Y )d := BDXd ,Yd
,

this defines a natural isomorphism B−,· : − ⊗ · ⇒ · ⊗ − by Lemma 3.15.

– We show the first hexagon identity in Fun(D,C). For all triples of functors X,Y,Z : D → C,
objects in Fun(D,C), the following diagram commutes

(Xd ⊗ Yd) ⊗ Zd Xd ⊗ (Yd ⊗ Zd) (Yd ⊗ Zd) ⊗ Xd

(Yd ⊗ Xd) ⊗ Zd Yd ⊗ (Xd ⊗ Zd) Yd ⊗ (Zd ⊗ Xd),

aCXd ,Yd ,Zd

BCXd ,Yd
⊗1Zd

BCX,Y⊗Z

aCYd ,Zd ,Xd

aCY,X,Z 1Yd⊗BCXd ,Zd

for all objects d in D by the hexagon identity in the symmetric monoidal category C, making the
following diagram commute:

((X ⊗ Y) ⊗ Z)d (X ⊗ (Y ⊗ Z))d ((Y ⊗ Z) ⊗ X)d

((Y ⊗ X) ⊗ Z)d (Y ⊗ (X ⊗ Z))d (Y ⊗ (Z ⊗ X))d,

(aX,Y,Z )d

(BX,Y⊗1Z )d

(BX,Y⊗Z)d

(aY,Z,X )d

(aY,X,Z )d (1Y⊗BX,Z )d

for all objects d inD, and

(X ⊗ Y) ⊗ Z X ⊗ (Y ⊗ Z) (Y ⊗ Z) ⊗ X

(Y ⊗ X) ⊗ Z Y ⊗ (X ⊗ Z) Y ⊗ (Z ⊗ X),

aX,Y,Z

BX,Y⊗1Z

BX,Y⊗Z

aY,Z,X

aY,X,Z 1Y⊗BX,Z

commutes. This establishes first hexagon identity.

– We show unit coherence and symmetry axiom in Fun(D,C). For all functors X : D → C, objects in
Fun(D,C), the following diagrams commute for all objects d inD by unit coherence and symmetry
axiom in the symmetric monoidal category C,

Xd ⊗C IC IC ⊗C Xd,

X

BCXd ,IC

ρCXd

λCXd

Xd ⊗C Yd Yd ⊗C Xd,

Xd ⊗C Yd

BCXd ,Yd

BCYd ,Xd
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implying that the following diagrams commute for all object d inD,

(X ⊗ I)d (I ⊗ X)d,

Xd

(BX,I )d

(ρX )d

(λX )d

(X ⊗ Y)d (Y ⊗ X)d,

(X ⊗ Y)d

(BX,Y )d

(BY,X )d

and this last two diagrams commute,

X ⊗ I I ⊗ X,

X

BX,I

ρX
λX

X ⊗ Y Y ⊗ X,

X ⊗ Y

BX,Y

BY,X

establihing unit coherence and symmetry axiom in Fun(D,C).

• The symmetric monoidal category Fun(D,C), endowed with the structure of the statement, is a Markov
category.

– We verify the commutative comonoid equations in Fun(D,C). For all functors X : D → C, objects
in Fun(D,C), the following diagrams commute for all d inD by coassociativity, and counitality in
C:

Xd Xd ⊗C Xd

Xd ⊗C Xd Xd ⊗C Xd ⊗C Xd,

copyCXd

copyCXd
copyCXd

copyCXd
⊗C1Xd

Xd ⊗C Xd

IC ⊗C Xd Xd ⊗C IC

Xd Xd Xd,

delCXd
⊗C1CXd

1CXd
⊗CdelCXd

λCXd
ρCXd

Xd Xd ⊗C Xd,

Xd ⊗C Xd

copyCXd

copyCXd BCXd ,Xd

making the following diagrams commute for all d inD:

Xd (X ⊗ X)d

(X ⊗ X)d (X ⊗ X ⊗ X)d,

(copyX )d

(1X⊗copyX )d (copyX )d

(copyX⊗1X )d

(X ⊗ X)d

(I ⊗ X)d (X ⊗ I)d

Xd Xd Xd,

(delX⊗1X )d (1X⊗delX )d

(λX )d (ρX )d

Xd (X ⊗ X)d,

(X ⊗ X)d

(copyX )d

(copyX )d
(BX,X )d
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and finally, the three following diagrams commute:

X X ⊗ X

X ⊗ X X ⊗ X ⊗ X,

copyX

1X⊗copyX copyX

copyX⊗1X

X ⊗ X

I ⊗ X X ⊗ I

X X X,

delX⊗1X 1X⊗delX

λX ρX

X X ⊗ X,

X ⊗ X

copyX

copyX
BX,X

establishing coassociativity, counitality and cocommutativity in Fun(D,C).

– We now verify compatibility with the monoidal structure in Fun(D,C). For all couples of func-
tors X,Y : D → C, objects in Fun(D,C), the following diagrams commute for all d in D by
compatibility with the monoidal structure in C:

Xd ⊗C Yd IC ⊗C Yd IC ⊗C IC

Xd ⊗ Yd IC,

delCXd
⊗C1Xd 1IC⊗CdelCYd

λCIC

delCXd⊗Yd

(Xd ⊗ Yd) ⊗ (Xd ⊗ Yd)

Xd ⊗C Yd ((Xd ⊗C Yd) ⊗C Xd) ⊗C Yd

(Xd ⊗C Xd) ⊗C Yd (Xd ⊗C (Yd ⊗C Xd) ⊗C Yd

(Xd ⊗C Xd) ⊗C (Yd ⊗C Yd) (Xd ⊗C (Xd ⊗C Yd)) ⊗C Yd,

((Xd ⊗C Xd) ⊗C Yd) ⊗C Yd

a−1
CXd⊗Yd ,Xd ,YdcopyCXd⊗Yd

copyXd⊗C1Yd aCX,Y,X⊗C1Yd

1CXd⊗Xd
⊗CcopyCYd

(1X⊗CBCXd ,Yd
)⊗C1Yd

a−1
CX⊗X,Y,Y

aCXd ,Xd ,Yd
⊗C1Yd

making the two following diagrams to commute for all object d inD:

(X ⊗ Y)d (I ⊗ Y)d (I ⊗ I)d

(X ⊗ Y)d Id,

(delX⊗1X )d (1I⊗delY )d

(λI )d

(delX⊗Y )d
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((X ⊗ Y) ⊗ (X ⊗ Y))d

(X ⊗ Y)d (((X ⊗ Y) ⊗ X) ⊗ Y)d

((X ⊗ X) ⊗ Y)d ((X ⊗ (Y ⊗ X) ⊗ Y)d

((X ⊗ X) ⊗ (Y ⊗ Y))d ((X ⊗ (X ⊗ Y)) ⊗ Y)d,

(((X ⊗ X) ⊗ Y) ⊗ Y)d

(a−1
X⊗Y,X,Y )d(copyX⊗Y )d

(copyX⊗1Y )d (aX,Y,X⊗1Y )d

(1X⊗X⊗copyY )d (1X⊗BX,Y )⊗1Y )d

(a−1
X⊗X,Y,Y )d (aX,X,Y⊗1Y )d

and finally the following two diagrams commute,

X ⊗ Y I ⊗ Y I ⊗ I

X ⊗ Y I,

delX⊗1X 1I⊗delY

λI

delX⊗Y

(X ⊗ Y) ⊗ (X ⊗ Y)

X ⊗ Y ((X ⊗ Y) ⊗ X) ⊗ Y

(X ⊗ X) ⊗ Y (X ⊗ (Y ⊗ X) ⊗ Y

(X ⊗ X) ⊗ (Y ⊗ Y) (X ⊗ (X ⊗ Y)) ⊗ Y,

((X ⊗ X) ⊗ Y) ⊗ Y

a−1
X⊗Y,X,YcopyX⊗Y

copyX⊗1Y aX,Y,X⊗1Y

1X⊗X⊗copyY (1X⊗BX,Y )⊗1Y

a−1
X⊗X,Y,Y

aX,X,Y⊗1Y

establishing compatibility with monoidal structure.

– We finally show naturality of deletion in Fun(D,C). For every natural transformation τ : X ⇒ Y ,
morphism in Fun(D,C), the following diagram commutes for all d in D by naturality of deletion
in C (16),

Xd Yd,

IC

τd

delCXd delCYd

making the following diagram commute for all object d inD,

Xd Yd,

Id

τd

(delX )d
(delY )d

and finally, the following diagram commutes,

X Y,

I

τ

delX
delY

establishing naturality of deletion in Fun(D,C).

We have proven that Fun(D,C) is a Markov category.
□
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One problem that T. Fritz has raised is the following.

Problem 3.17. [2, 11.9.]. Suppose that C is a Markov category which has conditionals, and D a small
category. Then does the functor category Fun(D,Cdet) have conditionals as well ?

Let us try to answer to this question ”naively” and see what problems arise. So if τ : A ⇒ X ⊗ Y is a
morphism in Fun(D,Cdet), since C has conditionals, we have that for all object d inD, τd : Ad → Xd ⊗ Yd is a
morphism in C and since C has conditionals, there exists a morphism τd Xd

: Xd ⊗ Ad → Yd such that,

Ad

τd

Xd Yd

=

Ad

•

τd

•
•

τd Xd

Xd Yd

.

So one idea would be to construct τ X pointwise by the following.

(τ X)d := τd Xd
,

but then we need to verify that this defines a natural transformation, i.e., that for all morphisms f : d → d′ in
D, the following diagram commutes:

Xd ⊗ Ad Yd

Xd′ ⊗ Ad′ Yd′ ,

τd Xd

X( f )⊗Y( f ) Y( f )

τd′ Xd′

and this is where the problem arises. It is not evident that this diagram commutes. We can think about con-
ditions under which it commutes, or maybe about an other way of defining the conditionals on Fun(D,Cdet),
which we will see in the following example.

Example 3.18. LetD = (Two) and C = FinStoch, with

Two = 1 2,
f

together with the identity morphisms. We want to see if Fun(D,Cdet) has conditionals. For all natural trans-
formations ψ : A→ X × Y , we have that the diagram

A1 A2

X1 × Y1 X2 × Y2,

A( f )

ψ1 ψ2

X( f )⊗Y( f )

(30)

commutes. And by Proposition (2.19), the following diagrams commute

X1 × X2 X2 × Y2

X1 X2,

X( f )⊗Y( f )

pX1 pX2

X( f )

X1 × X2 X2 × Y2

Y1 Y2.

X( f )⊗Y( f )

pY1 pY2

Y( f )

Let us define ψ X : X ⊗ A⇒ Y by

(
ψ X

)
1 (y1|x1, a1) =

 (pY1 ◦ ψ1)(y1|a1), if (pX1 ◦ ψ1)(X( f )−1(X( f )(x1))|a1) = 0
ψ1(X( f )−1(X( f )(x1)),y1 |a1)

(pX1◦ψ1)(X( f )−1(X( f )(x1))|a1) , if (pX1 ◦ ψ1)(X( f )−1(X( f )(x1))|a1) > 0, (31)

58



where

ψ1(y1, X( f )−1(X( f )(x1))|a1) =
∑

x′1∈X( f )−1(X( f )(x1))

ψ1(x′1, y1|a1) = ((X( f ) ⊗ 1Y1 ) ◦ ψ1)(X( f )(x1), y1|a1),

(pX1 ◦ ψ1)(X( f )−1(X( f )(x1))|a1) =
∑

x′1∈X( f )−1(X( f )(x1))

pX1 ◦ ψ1(x′1|a1) = (X( f ) ◦ pX1 ◦ ψ1)(X( f )(x1)|a1),
(32)

and (
ψ X

)
2 (y2|x2, a2) =

 (pY2 ◦ ψ2)(y2|a2), if (pX2 ◦ ψ2)(x2|a2) = 0,
ψ2(y2,x2 |a2)

(pX2◦ψ2)(x2 |a2) , if (pX2 ◦ ψ2)(x2|a2) > 0.

We prove that ψ X is a natural transformation, i.e., that

X1 × A1 A2 × X2

Y1 Y2,

X( f )⊗A( f )

(ψ X)1 (ψ X)2

Y( f )

commutes.
On the one hand, for all a1 in A1, x1 in X1, and y2 in Y2,(

ψ X
)
2 ◦ (X( f ) ⊗ A( f ))(y2|x1, a1)

=
∑

(a2,x2)∈A2×X2

(
ψ X

)
2 (y2|x2, a2)X( f )(x2|x1)A( f )(a2|a1)

=
∑

(a2,x2)∈A2×X2

(
ψ X

)
2 (y2|x2, a2) · δX( f )(x1),x2 · δA( f )(a1),a2

=
(
ψ X

)
2 (y2|X( f )(x1), A( f )(a1))

=

 (pY2 ◦ ψ2)(y2|A( f )(a1)), if (pX2 ◦ ψ2)(X( f )(x1)|A( f )(a1)) = 0
ψ2(X( f )(x1),y2 |A( f )(a1))

(pX2◦ψ2)(X( f )(x1)|A( f )(a1)) , if (pX2 ◦ ψ2)(X( f )(x1)|A( f )(a1)) > 0.

(33)

On the other hand, for all a1 in A1, x1 in X1, and y2 in Y2,

Y( f ) ◦
(
ψ X

)
1 (y2|x1, a1)

=

 (Y( f ) ◦ pY1 ◦ ψ1)(y1|a1) if pX1 ◦ ψ1(X( f )−1(X( f )(x1))|a1) = 0,∑
y1∈Y1

Y( f )(y2|y1) ψ1(X( f )−1(X( f )(x1)),y1 |a1)
(pX1◦ψ1)(X( f )−1(X( f )(x1))|a1) if pX1 ◦ ψ1(X( f )−1(X( f )(x1))|a1) > 0

=

 (Y( f ) ◦ pY1 ◦ ψ1)(y1|a1) if pX1 ◦ ψ1(X( f )−1(X( f )(x1))|a1) = 0,∑
y1∈Y1

Y( f )(y2 |y1)ψ1(X( f )−1(X( f )(x1)),y1 |a1)
(pX1◦ψ1)(X( f )−1(X( f )(x1))|a1) if pX1 ◦ ψ1(X( f )−1(X( f )(x1))|a1) > 0

(34)

We now have to prove that (33) and (34) are the same. We know that,

A1 X1 × Y1 X1

A2 X2 × Y2 X2,

A( f )

ψ1 pX1

X( f )⊗Y( f ) X( f )

ψ2 pX2

(35)

commutes, and since A( f ) and X( f ) are deterministic, for all a1 in A1 and x1 in X1,

pX1 ◦ ψ1(X( f )−1(X( f )(x1))|a1) = (X( f ) ◦ pX1 ◦ ψ1)(X( f )(x1)|a1)
=(pX2 ◦ ψ2 ◦ A( f ))(X( f )(x1)|a1) = (pX2 ◦ ψ2)(X( f )(x1)|A( f )(a1)).

We also know that
A1 X1 × Y1 Y1

A2 X2 × Y2 Y2,

ψ1

A( f )

pX1

X( f )×Y( f ) Y( f )

ψ2 pY2

commutes, so that for all a1 in A1 and y2 in Y2,

(Y( f ) ◦ pY1 ◦ ψ1)(y2|a1) = (pY2 ◦ ψ2 ◦ A( f ))(y2|a1) = (pY2 ◦ ψ2)(y2|A( f )(a1)).
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Lastly, we have, ∑
y1∈Y1

Y( f )(y2|y1)ψ1(X( f )−1(X( f )(x1)), y1|a1)

=((1X2 ⊗ Y( f )) ◦ (X( f ) ⊗ 1Y1 ) ◦ ψ1)(X( f )(x1), y2|a1)
=((X( f ) ⊗ Y( f )) ◦ ψ1)(X( f )(x1), y2|a1)
=(ψ2 ◦ A( f ))(X( f )(x1), y2|a1)
=ψ2(X( f )(x1), y2|A( f )(a1)),

where the first equality holds by definition (32), the second by functoriality of − ⊗ −, the third by naturality of
ψ (30) and the last one by determinism of A( f ). This yields that (33) and (34) are equal, and ψ X is natural.

Now we would like ψ X : X × A→ Y to be a conditional, i.e., that

An

ψn

Xn Yn

=

An

•

ψn

•
•

(
ψ X

)
n

Xn Yn

,

for n = 1, 2. In FinStoch this means by (28) that for all an in An, xn in Xn and yn in Yn,

ψn(xn, yn|an) = (ψ X)n(yn|xn, an) ·
∑

y′n∈Yn

ψn(xn, y′n|an) = (ψ X)n(yn|xn, an) · (ψn)Xn (xn|an), (36)

But since (ψ X)2 = ψ2 X2
, we know that it holds for n = 2. The case is more tedious for n = 1. For all a1 in A1,

x1 in X1, and y1 in Y1, let us see if the equality (36) holds.

• If (pX1 ◦ ψ1)(X( f )−1(X( f )(x1))|a1) = 0, then (pX1 ◦ ψ1)(x1|a1) = 0 and ψ1(x1, y1|a1) = 0, and the equality
(36) holds.

• If (pX1 ◦ ψ1)(X( f )−1(X( f )(x1))|a1) > 0, and if moreover X( f ) is injective, then

ψ1(y1, X( f )−1(X( f )(x1))|a1) = ψ1(x1, y1|a1),

(pX1 ◦ ψ1)(X( f )−1(X( f )(x1))|a1) = pX1 ◦ ψ1(x1|a1),

and the equality (36) holds since

ψ X1(y1|x1, a1) · (pX1 ◦ ψ1(x1|a1)) =
ψ1(x1, y1|a1)

(pX1 ◦ ψ1)(x1|a1)
· (pX1 ◦ ψ1(x1|a1)) = ψ1(x1, y1|a1).

But if X( f ) is not injective, the equality fails. For example, if A1 = A2 = {∗} X1 = {1, 2, 3}, X2 = {0, 1}
Y1 = Y2 = {a, b}, and

A( f ) =1{∗},
X( f ) :1 7→ 1

2 7→ 1
3 7→ 0,

Y( f ) =1Y1 ,

ψ1(1, a|∗) =
1
4
, ψ1(1, b|∗) =

1
12
,

ψ1(2, a|∗) =
1
3
, ψ1(2, b|∗) = 0,

ψ1(3, a|∗) =
1
6
, ψ1(3, b|∗) =

1
6
,

ψ2(0, a|∗) =
1
6
, ψ2(0, b|∗) =

1
6
,

ψ2(1, a|∗) =
7

12
, ψ2(1, b|∗) =

1
12
,
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then,

A1 A2

X1 × Y1 X2 × Y2,

A( f )

ψ1 ψ2

X( f )⊗Y( f )

commutes but

ψ X1(a|1, ∗) · (pX1 ◦ ψ1)(1|∗) =
ψ1(1, a|∗) + ψ1(2, a|∗)

ψ1(1, a|∗) + ψ1(1, b|∗) + ψ1(2, a|∗) + ψ1(2, b|∗)

=

1
4 +

1
3

1
3 +

1
3

·
1
3
=

7
24
,

1
4
= ψ1(1, a|∗).

We don’t know for now if there exists another way of defining conditionals on Fun(D,Cdet), but this example
shows us that even for very basic and intuitive Markov categories, defining conditionals on the category of
functor is not evident at all. It is also not evident to generalise the definition (31) to other Markov categories
with conditionals, since the conditionals are not defined uniquely.

4 Generalisation of characteristics and theorems from statistical the-
ory

One of the aim of categorical propbabilty is to generalise notions and Theorems from statistical theory to
category theory. In this section, we will see how T. Fritz generalises the notions of sufficient statistics, almost
surely properties, minimality, and Fisher-Neyman factorisation and Bahadur’s Theorems.

4.1 Sufficient statistics
In statistics, a statistical model is an assumption on the model of the probability distribution for a sample space
X. Formally, it is a pair (P, X) where X is the set of possible outcomes, and P is a set of possible probability
distributions for X, indexed by a parameter θ, i.e., P = {pθ : X → [0, 1]|θ ∈ Θ}. For example, the Gaussian
model is a statistical model, whose parameters are the mean and the variance. T. Fritz generalises this to
Markov categories as follows.

Definition 4.1. [2, 14.1.] Let C be a Markov category. Given an object X ∈ C, a statistical model with values
in X consists of another object Θ ∈ C and a morphism p : Θ→ X.

Remark. Sample spaces are generalised to objects in Markov categories. And a conditional probability density
on a sample space X knowing a parameter θ in Θ, then the space of parameters is also generalised by an object
Θ in a Markov category, and the conditional probability density is generalised by a morphism Θ → X. So
statistical models (P,X) are generalised by couples (p,X), with X an object p : Θ → X a morphism in the
Markov category.

Now a statistic for a statistical model is any value computed from the output of a probabilistic event, in
order to estimate the parameter of the statistical model. For example, the mean is a statistic. In Markov
categories, T. Fritz defines the notion of statistic as follows.

Definition 4.2. [2, 14.2.] Let C be a Markov category. A statistic for a statistical model p : Θ → X in C is a
deterministic morphism s : X → V to some other object V .

Definition 4.3. [2, 12.19.] Let C be a Markov category. Given a morphism f : A→ X ⊗ Y in C, we say that f
displays conditional independence A ⊥⊥ Y |X if it is of the form

A

f

X Y

=

A

•

X Y

,

where the blank boxes represent other, unnamed morphisms in C.
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Example 4.4. In FinStoch, f : A → X ⊗ Y displays conditional independence if there exists g : A → X and
h : X → Y such that for all x ∈ X, y ∈ Y, A ∈ A

f (x, y|a) =
∑
x′∈X

(1X ⊗ h) ◦ copyX(x, y|x′) · g(x′|a)

=
∑
x′∈X

(1X ⊗ h)(x, y|x′, x′) · g(x′|a)

=
∑
x′∈X

δx,x′ · h(y|x′) · g(x′|a) = h(y|x)g(x|a).

And we know that
f (x, y|a) = fX(x|a) f X(y|x, a),

where fX is the marginalisation of f on X. By marginalising on X, we can identify g with fX ,

fX(x|a) =
∑
y∈Y

f (x, y|a)

=
∑
y∈Y

h(y|x)g(x|a)

=g(x|a)
∑
y∈Y

h(y|x)

=g(x|a).

So f displays the conditional independence if h(y|x) = f X(y|x, a) ,i.e., if f X(y|x, a) does not depend on a for
all y ∈ Y and x ∈ X, a ∈ A such that fX(x|a) > 0, which is the usual definition of conditional independance.
We note that f X(y|x, a) can depend on a where f (x|a) = 0, which means that the pair (x, a) has probability 0
to happen, so this makes sense that we can define arbitrarly the probability of y knowing this pair.

We can generalise this to any category C with conditionals.

Proposition 4.5. Let C be a category with conditionals. If morphism f : A → X ⊗ Y in C is such that if
f X : X ⊗ A→ Y does not depend on A, i.e., if there exists a morphism g : X → Y such that

X A

Y

f X =

X A

Y

g

•

, (37)

then f displays the conditional independence A ⊥⊥ Y |X.

Proof. For all morphisms f : A→ X ⊗ Y in C,

A

f

X Y

=

A

•

f

•
•

f X

X Y

.
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It follows that f displays conditional independence A ⊥⊥ Y |X if there exists h : X → Y such that

A

•

f

•
•

f X

X Y

=

A

f

•
•

h

X Y

.

If f X does not depend on A, we can define h := g with g the morphism in (37) and

A

•

f

•
•

f X

X Y

=

A

•

f

•
•

g

X Y
•

=

A

f

•
•

h

X Y

,

and f displays the conditional independence A ⊥⊥ Y |X. □

For s : X → V a statistic for a statistical model p : Θ → X, we can artificially construct a morphism
displaying conditional independence Θ ⊥⊥ V |X by the joint distribution

Θ

p
•

s

X V

In statistics, we are interested in sufficient statistics, i.e., statistics s : X → V on a model p : Θ→ X for which
s(X) does not depend on Θ, so that the value s(X) is enough to estimate the parameter of the model θ ∈ Θ. T.
Fritz gives the following definition for sufficient statistics in Markov categories.

Definition 4.6. A statistic s : X → V for a statistical model p : Θ→ X is sufficient if there is α : V → X such
that

Θ

p
•

s

X V

=

Θ

p

s
•

α

X V

=

Θ

p
•

s
s
α

X V

.
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We interpret this definition as follows. A statistic s : X → V is sufficient if we can construct an estimation
e : V → Θ such that the following diagram commutes,

Θ X

V

X Θ.

p

p

s

e

p

More generally, given the statistic s(X) : X → V , we can find an estimation of the probability of X, α : V → X
such that the following diagram commutes,

Θ X

X V.

p

p s

α

And since a statistic s : X → V is deterministic by definition,

Θ

p
•

ss

X V

=

Θ

p

s
•

X V

.

We should then have,

Θ

p
•

s

X V

=

Θ

p
•

s
s
α

X V

=

Θ

p

s
•

α

X V

,

where the first equality holds if p is a particular morphism, called complete, which we will define in section
4.2. So this is not true in general but this gives an idea of what is a sufficient statistic.

4.2 Almost surely properties.
In statistics, we often speak about almost surely properties. If a property happens almost surely, it means that
it happens with probability 1. In a Markov category, T. Fritz gives the following definitions for p-a.s. equality
and deterministic morphisms.

Definition 4.7. [2, 13.1.] Let C be a Markov category. Given any morphism p : Θ → X in C, we say that
f , g : X → Y in C are p-a.s. equal and write f =p−a.s. g if

p
•

f
=

p
•

g
.

Proposition 4.8. Let C be a Markov category. Then for all morphisms p : Θ → X in C the relation =p−a.s. is
an equivalence relation. i.e., it satisfies
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1. reflexivity : for all morphism f : X → Y in C, f =p−a.s. f ;

2. symmetry : for all morphisms f , g : X → Y in C, f =p−a.s. g if and only if g =p−a.s. f ;

3. transitivity : for all morphisms f , g, h : X → Y in C, if f =p−a.s. g and g =p−a.s. h, then f =p−a.s. h.

Proof. 1. We prove the reflexivity of =p−a.s.. For all morphism f : X → Y in C, f =p−a.s. f since

p
•

f
=

p
•

f
.

2. We prove symmetry of =p−a.s.. For all morphisms f , g : X → Y in C, f =p−a.s. g if and only if g =p−a.s. f
since

p
•

f
=

p
•

g
⇐⇒

p
•

g
=

p
•

f
.

3. We prove transitivity of =p−a.s.. For all morphisms f , g, h : X → Y in C, if f =p−a.s. g and g =p−a.s. h,
then f =p−a.s. h since

p
•

f
=

p
•

g
=

p
•

h
.

□

Example 4.9. In FinStoch, for p : Θ→ X, f , g : X → Y are p-a.s. equal if, for all θ ∈ Θ and x ∈ X, y ∈ Y ,

f (y|x)p(x|θ)
= g(y|x)p(x|θ),

(38)

i.e. if for all θ ∈ Θ, f (y|x) = g(y|x) for all y ∈ Y , for all x ∈ X such that p(x|θ) > 0.

Definition 4.10. [2, 15.1.] Let C be a Markov category. A morphism f : X → Y in C is complete if for all
g, h : Y → Z such that g f = h f ,

g = f−a.s. h.

In the theory of statistics, a statistic s : X → V for a model p : Θ → X is complete if for all measurable
function g : V → Y such that g(s(X)) has constant expectation with respect to the parameter θ, g(s(X))
equals its expectation with probability 1. It is boundedly complete if the condition above holds for all bounded
measurable function g : V → Y .

Example 4.11. Let us analyse the complete morphisms in FinStoch. Let f : X → Y a morphism in FinStoch.
Here we will use the following notation.

Notation. We write
X = xi0≤i≤n,

with n the cardinality of X. And similarly for Y ,

Y = yi0≤i≤m,

with m the cardinality of Y .
For all y in Y , we can define its probability f (y|−),

f (y|−) :=
(

f (y|x1) f (y|x2) ... f (y|xn)
)
, .
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For all x in X, we define the image of x as follows.

f (−|x) :=



f (y1|x)
f (y2|x)
·

·

·

f (ym|x)


,

and we interpret it as a vector in the probability simplex of Y , simp(Y), defined as follows.

simp(Y) :=

 m∑
i=1

λi · ei | 0 ≤ λi ≤ 1,
m∑

i=1

λi = 1

 ,
with ei ∈ R

m the basis vector with only 0s but a 1 at its ith position. And we call the set of linear combination
of the images the image of f :

Im( f ) :=

 n∑
i=1

λi f (−|xi) | λi ∈ R

 .
Lastly, we call the following set support of f .

supp( f ) := {y|∃x ∈ X s.t. f (y|x) > 0} .

As we have seen above, for all g, h : Y → Z in FinStoch, g = f−a.s. h if and only if they are equal on the
support of f . On the other hand, if g f = h f , we have for all x ∈ X and z ∈ Z,∑

y∈Y

g(z|y) f (y|x) =
∑
y∈Y

h(z|y) f (y|x)

i.e., in our notations,
g(z|−) · f (−|x) = h(z|−) · f (−|x),

and this happens if and only if for all z ∈ Z, g(z|−) · v = h(z|−) · v for all v ∈ Im( f ). We now show that f is
complete if and only if for all yi ∈ supp( f ), ei ∈ (Im( f )).

If for all yi ∈ supp( f ), ei ∈ (Im( f )), then if g f = h f , for all yi in Supp( f ),

g(z|yi) = g(z|−) · ei = h(z|−) · ei = f (z|yi),

so g = h on supp( f ), i.e. g =p−a.s. f .
If there exists yi in supp( f ) such that ei < Im( f ), the idea is to find two applications g(−|−) and h(−|−) that

are equal on Im( f ) but not on ei. Let g̃ = IdY and h̃(−|−) to be the projection matrix on Im( f ). Then these
applications verify, for all v in Im( f ),

g̃(−|−) · v = v = f̃ (−|−) · v,

so that
g̃(y|−) · v = v = f̃ (y|−) · v,

for all y in Y , and g f = h f . But
g̃(−|yi) = ei , f̃ (−|yi),

since f̃ (−|yi) ∈ Im( f ). So there exists y j ∈ Y such that g̃(y j|yi) = δi, j , f̃ (y j|yi), this means f̃ and g̃ are not
equal on the support of f . But since h̃(−|−) is not necessarly in the probability simplex of Y , it is not necessarly
a morphism in FinStoch, so we need to apply a suitable invertible contraction and translation T to f̃ and g̃, and
get f := T f̃ and g := Tg̃ having the required properties.

Definition 4.12. [2, 13.11.] Given p : Θ→ X, we say that f : X → Y is p-a.s. deterministic if

p

•

f

•

=

p

•

•

f f
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Example 4.13. In FinStoch, for p : Θ → X, a morphism f : X → Y is p-a.s. deterministic if for all x in X
such that there exists θ ∈ Θ such that p(x|θ) > 0 (i.e., x is in supp(p)),

δy1,y2 · f (y1|x) = copyY ◦ f (y1, y2|x) = ( f ⊗ f ) ◦ copyX(y1, y2|x) = f (y1|x) f (y2|x)

for all y1, y2 in Y using definition of p-a.s. equality in FinStoch (38). This is the same condition as for a
morphism f supp(p) to be deterministic in FinStoch. So there exists a function f̃ : supp(p) → Y such that for
all x in supp(p),

f (y|x) = δy, f̃ (x),

for all y in Y .

Lemma 4.14. [2, 13.12.] Let C be a Markov category, and p : Θ→ X, f , g : X → Y be morphisms in C such
that g =p−a.s. f . If g is p-a.s. deterministic, then so is f .

Proof.

p
•

•

f f

=

p
•

•

f f

=

p
•

•

g f

=

p
•

•

g f

=

p
•

•

g f

=

p
•

•

g f

=

p
•

•

f g
=

p
•

•

g g
=

p
•

•

g g

=

p
•

•

g
=

p
•

•

f ,

where we used coassociativity and cocommutativity of the comultiplication (11), naturality of the braiding and
p-a.s. determinism of g. □

Definition 4.15. [2, 13.16.] Let C be a Markov category. We say that C is strictly positive if whenever
morphisms

Θ X Y Z
p f g

are such that g f is p-a.s. deterministic, then also

f

•

g

=p−a.s.
f

f

•

g

.

Proposition 4.16. Let C be a Markov category. If C has conditionals, then C is strictly positive.
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Proof. Let the morphisms p : Θ → X, f : X → Y and g : Y → Z in C be such that g f is p-a.s. deterministic.
Let s : Z ⊗ X → Y be a conditional for the morphism

f
•

g

,

so that

p
•

f
•

g

=

p
•

•

f

g

•

s

=

p
•

•

f

g

•

s

=

p
•

•

f f

g g

•

s

=

p
•

f

g

•

•
f

g

•

•
s

=

p
•

f

g

•

•

f

g
•

•
s

=

p
•

f

g

•

f
•

g
•

=

p
•

•

f

g
f

,

where the first and sixth equality hold by defintion of s, the second fifth by (11), the third by p-a.s. determinism
of g f and the fourth and last ones by (11) and (12). □

Example 4.17. FinStoch is strictly positive.

Proposition 4.18. [2, 13.17.] Let C be a Markov category, and p : Θ→ X, f : X → Y, g : Y → Z morphisms
in C. Suppose that g f is p-a.s. deterministic, and that also

1. f is p-a.s. deterministic, or

2. C is strictly positive.

Then g is f p-a.s. deterministic.

4.3 Fisher-Neyman Factorisation Theorem
In statistical theory, there exists a necessary and sufficient condition for a statistic to be sufficient given by
the Fisher-Neyman Factorisation Theorem. In this section, we will see a condition in abstract theory. The
Fisher-Neyman Factorisation Theorem says that a statistic T : X → V is sufficient for the statistical model
F = { fθ : X → [0, 1] | θ ∈ Θ} if and only if there exists a statistical model G = {gθ : X → [0, 1] | θ ∈ Θ} and a
nonnegative function h : X → [0, 1] such that

fθ(x) = h(x)gθ(T (x)).

T. Fritz gives a characterization for sufficient statistics in Markov categories, i.e. in terms of Definition 4.6.
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Theorem 4.19. [2, 14.5.] Let C be a strictly positive Markov category. Then a statistic s : X → V is sufficient
for a statistical model p : Θ→ X if and only if there is α : V → X such that αsp = p and sα =sp−a.s. 1V .

Proof. • The only if direction holds since if s : X → V is sufficient for the statistical model p : Θ → X,
there is α : V → X such that

Θ

p
•

s

X V

=

Θ

p

s
•

α

X V

,

by marginalisation on X, we get that αsp = p. Moreover, since s is deterministic, and using the defintion
of α, there is α : V → X such that

Θ

p

s
•

α

s
V V

=

Θ

p
•

ss

V V

=

Θ

p

s
•

V V

,

this proves sα =p−a.s. 1V

• The ”if” direction of the statement holds since if there is α : V → X such that αsp = p and sα =sp−a.s. 1V ,

Θ

p
•

s

X V

=

Θ

p
s

α
•

s

X V

=

Θ

p

s
•

α
α

s

X V

=

Θ

p

s
•

α

X V

,

where the first equality holds since αsp = p and the last one since sα =sp−a.s. 1V . For the second equality,
we used that sα is deterministic by Lemma 4.14, and then since C is strictly positive, the equality holds.

□

4.4 Minimality and Bahadur’s theorem
The notion of minimality appears in statistics to compare the level of information a statistic can give. We will
say that, for two statistics s : X → V , t : X → W for the same model p : Θ → X, s is more informative than t
if we can find t knowing s, i.e. if there is a function c : W → V such that cs gives the same information as t.
There are several ways to define this notion in Markov categories. In [4, 7], P.V. Golubtsov defines minimality
on IT-categories, which are the equivalent of Markov categories.

Definition 4.20. [4, 7.1] We will say that ▷ is an accuracy relation on an IT-category (Markov category) C
if for any pair of objects A and B in C the set C(A, B) of all ITs (morphisms) from A to B is equipped with a
partial order ▷ that satisfies the following monotonicity conditions:

f ▷ f ′, g ▷ g′ =⇒ g ◦ f ▷ g′ ◦ f ′,

for all morphisms f , f ′ : A→ B and g, g′ : B→ C, and

f ▷ f ′, g ▷ g′ =⇒ f ∗ g ▷ f ′ ∗ g′.
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for all morphisms f , f ′ : A→ B1, g, g′ : A→ B2, and where f ∗ g is the equivalent for us of

•

f g
.

Definition 4.21. [4, 7.2] An information transformer (a morphism in a Markov category C) a is more infor-
mative (better) than b if there exists an information transformer (another morphism in C) c such that c ◦ a ▷ b,
that is,

a ≽ b⇐⇒ ∃c c ◦ a ▷ b.

T. Fritz gives another definition, as follows.

Definition 4.22. [2, 16.1.] Let s : X → V and t : X → W be statistics for a statistical model p : Θ→ X. Then
we write t ≤ s if there is c : V → W such that t =p−a.s. cs.

Remark. The defintion of Golubtsov is a generalisation of the one of T. Fritz if =p−a.s. is an accuracy relation,
in terms of Definition 4.20, i.e., if

f =p−a.s. f ′, g =p−a.s. g′ =⇒ g ◦ f =p−a.s. g′ ◦ f ′,

for all morphisms f , f ′ : A→ B and g, g′ : B→ C in C. The second condition holds in all Markov categories.

Proposition 4.23. Let C be a Markov category. Then ≤ is a preorder for the set S p of sufficient statistics for a
given model p : Θ→ X in C, i.e., ≤ satisfies

1. reflexivity : For all s in S p, s ≤ s, and

2. transitivity : For all s, t, u in S p, if s ≤ t and t ≤ u, then s ≤ u.

Proof. 1. We prove the reflexivity of ≤. For all s : X → V in S p, we can take c = 1V : V → V and s = cs,
so s =p−a.s. cs and s ≤ s.

2. We prove the transitivity of ≤. For all s : X → U, t : X → V , u : X → W in S p such that s ≤ t and
t ≤ u, we can find c : V → U and d : W → V such that s =p−a.s. ct and t =p−a.s. du. Then we have that
cd : W → U and s =p−a.s. cdu, giving s ≤ u.

□

Definition 4.24. Let (X,≤) be a preordered set. Then a least element x in X is an element of X such that, for
all x′ ∈ X, x ≤ x′.

Definition 4.25. [2, 16.2.] A statistic s : X → T is minimal sufficient if it is a least element in the preordered
set of sufficient statistics for the given model p : Θ→ X.

Bahadur’s Theorem tells us that in the case where there exists one minimal sufficient statistics, then a
sufficient and boundedly complete statistic is also minimal sufficient. T. Fritz proves the same theorem for
strictly positive Markov categories.

Theorem 4.26. [2, 16.3.] Suppose that C is strictly positive. Let p : Θ → X be a statistical model which
has a minimal sufficient statistic. If s : X → V is a sufficient statistic for p such that sp is complete, then s is
minimal sufficient.

Proof. let t be a minimal sufficient statistic for p : Θ→ X. Since s is a sufficient statistic for p : Θ→ X, t ≤ s.
So there exists c such that cs =p−a.s. t. We show that s is also minimal, by proving that s ≤ t,i.e., we need to
find d such that s =p−a.s. dt =p−a.s. dcs. Since s and t = cs are sufficient and by Theorem 4.19, there exists α
and β such that

αsp = p,sα =sp−a.s. Id,

βcsp = p,csβ =csp−a.s Id,
(39)

this implies that
αsp = βcsp,
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and since sp is complete by assumption,
α =sp−a.s. βc. (40)

Now we are ready to find d. Let us define d := sβc, so that

p

•

s

c

β

s

=

p

s
•

α

c

β

s

=

p

s
•

α

α

s

=

p

s
•

α

=

p

•

s

,

where the first and last identities hold by suffiencienty of s, the second by (40) and the third by the second
identity in (39). □

5 Conclusion
This project allowed us to understand better the notion of Markov categories, and how it applies to standard
probability theory. We have redifined the notions developed some of the arguments of Tobias Fritz in order
to picture the state of the art in categorical probability theory. This is a very vast and exciting domain. Some
questions that arised during the elaboration of this project remain unsolved, and it would be interesting to work
further on it.

Problem 5.1. Could we extend Lemma 2.20 to functors that happens to be symmetric monoidal, but not
necessarly strict ?

Problem 5.2. Under what conditions the Eilenberg-Moore category of a monad T on a Markov category C
can be endowed with a structure of Markov category ?

Problem 5.3. What properties of a Markov category C are preserved in the Kleisli category of a monad T
satisfying conditions of Corollary 2.25 ?

Problem 5.4. Is it possible to generalise the results we have found in Example 3.18 to other starting categories
than Two ? Or to other Markov categories than FinStoch ?

Problem 5.5. Let C be a Markov category such that there exists a small category D such that Fun(D,Cdet).
Under what conditions does the constant functor Cst : CtoFun(D,C) admits a right or left adjoint, i.e. C is
(co)complete ? Or inversely, does it helps that C is (co)complete for Fun(D,Cdet) to have conditionals ?
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